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The two-dimensional turbulent wall-jet 


By W. H. SCHWARZ AND W. P. COSART 


Department of Chemical Engineering, Stanford University, Palo Alto, California 
(Received 1 November, 1960) 


With the aid of a hot-wire anemometer, the mean velocity distribution of the 
incompressible, turbulent, plane wall-jet has been examined in some detail. 
As previously reported, this fully developed boundary layer belongs to the class 
of self-preserving flows. Over the entire range of experimental conditions, a 
single velocity scale (U,,) and a single length scale (6) seem to correlate all the 
velocity data. Further, it is shown theoretically that 6 must vary as 2, and U,, 
must vary as x? over this range. The exponent a has been empirically determined 
as — 0-555. Values of the Reynolds shear stress, which are proportional to 7%, 
the Boussinesq exchange coefficient ¢, and the shear stress at the wall have been 
evaluated. The Reynolds number based on the maximum velocity and the 


thickness of the boundary layer varied from 22,000 to 106,000. 





1. Introduction 

The wall-jet is described as a jet of fluid which impinges onto a wall at an angle 
from 0 to 90 degrees. The region of interest is the fully developed boundary layer 
which occurs after the stagnation flow and the turbulent transition regions, and 
has both a solid boundary and a free boundary of the same fluid as the jet. The 
name wall-jet seems to have been ascribed by Glauert (1956), although the terms 
partially open jet, surface jet, and submerged jet have been used by Férthmann 
(1934), Zerbe & Selna (1946) and Poreth & Cermak (1959). 

Since the boundary conditions on the surface jet are such that the velocity at 
the wall and also outside the boundary layer are zero, the velocity profile must 
have a maximum. Further, this flow is of the self-preserving class of shear flows 
such as jets, wakes, and free-mixing layers. The free and solid boundaries generate 
considerable interest, since the flow will have both a jet-like property and also 
be influenced by the wall. A sketch of the tangential wall-jet is shown in figure 1, 
which includes a fully developed profile. 

The earliest known work on the plane wall-jet was done by Férthmann (1934), 
apparently to complement his investigation of the plane free jet and partially 
expanding jet. Forthmann observed the self-preserving nature of the wall-jet, 
and that the boundary-layer thickness varied linearly with x and the maximum 
velocity varied inversely as the half power of x. Further, he determined from the 
data that the velocity in the inner layer varied as the one-seventh power of the 
distance from the wall. 

Glauert (1956) has examined theoretically the similarity problem of the 
laminar and turbulent, radial and plane wall-jets. The velocity distribution of 
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the turbulent radial wall-jet and the variation of velocity and length scales 
with downstream position has been measured by Bakke (1957). He found that 
the velocity scale varied as a power of x with exponent — 1-12 + 0-03 and the 
length scale as 0-94 + 0-02. The velocity profiles showed a self-preserving character 
in both the inner and outer layers. 
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FicurE 1. Tangential wall-jet. 





The measurement of wall shear stress in a tangential jet was done by Sigalla 
(1958 5). Data were correlated in a manner analogous to that of a turbulent boun- 
dary layer on a flat plate. The boundary-layer thickness was found experimentally 
to vary linearly, making an angle of 3-7 degrees with the plate and passing 
approximately through the centre of the outlet nozzle of the jet. Further, it was 
found that the velocity scale varied as a power of x with an exponent of minus 
one-half. 


2. Theoretical development 


The equations of motion for a steady, plane, turbulent, incompressible flow 
with constant physical properties and negligible energy dissipation may be 





written as 
~0U .~0U_ lop, af a —], a7 a _ 
Ot ates | ae" | ta ay (1) 
7OV  =0V_ sep SOOT OAV _y} Of av = m 
U~_t oy 7 phe te’ se | tae ay (2) 
Ouw dvw 
“ha 
The continuity equation is written 
oU av 
=sS = 0. (4) 
When the boundary-layer approximations are applied to (1), we obtain 
-0U 00 2 5, —, , uv o2U 
aes ——— a — 9) _——_—- —— 5 
“ae ye wee ” Oye ©) 


Then the following functions may be defined 
U0 =Ufy), w= Usgaln), v= Usg(n), Ww = Vig), 1 =y/8. (6) 
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If (6) are substituted into (5), with suitable rearrangement, the following form is 
obtained 
ATT 13 ” 9 
ir = (7)? — z —_— oe ji f(n)dyn+ i = 93(7) 
(a) (0) (c) 
dd dgy(n) 48 dgeln) 4, 8 Uy, Agraln) __v @f(n) 
“Ee be a @ OLE Sl ee 
(d) (e) (f) (9) (h) 
If the flow is self-preserving, the functions f(y), 9,(7), g,2(y), and g.(7) are inde- 
pendent of x, and hence the solution of (7) requires that the coefficients of the 
universal functions be either non-zero constants or zero. For anon-trivial solution, 
consider the ratios to be non-zero. The non-repetitive coefficients are 





(7) 





6 dU, dé v 
U, ae 9 a and U8" (8) 
Each of these coefficients must be equal to a constant, hence 
é6=C,2 and U,=C,2-1. (9,10) 


This result uses the viscous shear stress term (h). 

Now it is a well-known fact that in any turbulent flow, the viscous stress is 
small compared to the turbulent shear stress (term (g)), except very close to a 
wall. In the present investigation, the viscous shear stress was only 3% of the 
turbulent shear stress even at 0-2 mm from the wall, which was the closest point 
at which the experimental equipment could be used. It seems reasonable there- 
fore to neglect term (h). Then the only non-repetitive constant coefficients are 

dé 5 dU, 


Solving these two equations gives 
é=C, Uy =C,2%, (12) 


or that the length scale varies linearly with x and the velocity scale varies as a 
power of the downstream direction. From the above analysis, it is seen that the 
flow is unlikely to have the same self-preserving character over the entire width 
of the boundary layer. Very near the wall, the viscous terms will dominate and 
the velocity scaling factor will have a different 2-variation from that of the outer 
flow. However, for the regions of the flow that were examined, the viscous term 
was negligible. 

If (5) is integrated with respect to y from 0 to 00, and (4) is used, we find that 


Two sik: ji . 

ee. 5, U +u?—v?) dy. (13) 
Since u2—v? < U2, and making use of (6), (13) becomes 
i 2 dU, 246 . 2; 

ie = — (200, P+ URGE) | Plone (14) 
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Then, with the forms of the x-variation of 6 and Up, this may be written 


Za = — O3Cyx24(2a+1) | fen) dy. (15) 
0 


A skin friction coefficient may be defined by 


Fy 
C, = pti: (16) 
Then CO, = —2C,(2a+1)] f(y) dy. (17) 


0 


From (15), it is apparent that the exponent of the 2-variation of the velocity 
scale must be less than — 4. If it were not, the shear stress on the wall would be 
either zero or negative, which are both impossible. 











Laminar Turbulent 

ii ai —— ae te aaa — \ 

Uo n) OF n) 
Plane jet at xi xt x 
Plane wall-jet xt xi 0-555 x 
Circular jet x Be x 
Circular wall-jet a! xt grlis Dea | 
Flat plate (dp/dzx = 0) x at x at 

* Data of Cosart (1960). + Data of Bakke (1957). 


TABLE 1 





From the equations of motion, a relationship between the exponents of the 
x-variation of the length and velocity scales has been obtained. However, a 
second relation is necessary if a is to be determined uniquely. For a free jet flow, 
this relation is obtained from the constancy of the flux of momentum. In the 
Blasius problem, the velocity scale varies as the free stream velocity or is a con- 
stant. Similarly, when the potential flow over a solid surface varies as 2”, then 
the velocity scale will have the same variation. Glauert (1956) has succeeded in 
obtaining a second relation for the laminar wall-jet by noting that the ‘flux of 
exterior momentum flux’ is constant. This approach is not applicable to the 
turbulent wall-jet. The results of various similar tlows are compared in table 1. 

Now (7) may be rearranged to give (neglecting the viscous term) 


WU, 8 dU, ds 
al) = [27 Get ga] | POE Get Gefen [send cs) 


Then substituting (12) into (18), we obtain 


dual) = C,(20-+1) [“ronay +0,(1 afin) | fend. (19) 


7 


The function g,(7) is the universal turbulent shear-stress function. 





| | } 
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The Boussinesq exchange coefficient may be defined by 
é— = —W. (20) 


Therefore, from (6) and defining é as e/U, 6, we have that 
B= —groln)if (9). (21) 


3. Experimental method 

The wind-tunnel facility used in the investigation consisted of a variable- 
speed blower, a diffuser section, a plenum chamber or calming section, a con- 
traction and the flat plate. The blower was driven by a variable-speed DC motor 
and produced a range of velocities at the outlet of the contraction from about 
0 to 85ft./sec. The diffuser and calming section contained a number of screens 
to reduce turbulence, produce a uniform velocity distribution, and prevent 
separation in the diffuser. The contraction had an area ratio of 24 to 1 with a 
24x lin. outlet, and further served to produce a uniform and low turbulence 
velocity distribution at the outlet. The contraction was smoothly joined to a 
flat plate so that the flow was tangential to the plate. The plate had a smooth 
aluminium sheet attached to it and was approximately 6 ft. long. Side-boards 
were attached to the plate to prevent the flow from spilling over the edge and 
thus interfering with the two-dimensionality of the flow. 

All mean velocities of the wall-jet boun'ary layer were measured with a hot- 
wire anemometer. The wire element was Wollaston drawn platinum, 0-00025 in. 
in diameter. The actual position of the wire from the plate was determined with 
a cathetometer, sensitive to within ,4, mm. The wire was easily visible with the 
telescope and cross-hairs. The actual distance of the wire from the plate was 
determined by several observations of the wire and its reflected image. The down- 
stream position of the wire from the nozzles was measured with a common pocket 
tape to within } in. 


4. Results 

A series of velocity tranverses were taken with nozzle speeds of 27, 40, 60, 
and 83 ft./sec over a range of distance downstream of the outlet from 1-5 to 5-5 ft. 
A typical set of data is shown in figure 2. The curve drawn through the points 
is the universal curve which is explained below. For the set of runs, values of the 
maximum velocity and boundary-layer thickness are listed in table 2. 

All the mean velocity data were plotted together in dimensionless form and a 
single curve drawn through the points. This universal curve is shown in figure 3. 
From figure 2, typical departures of the data from the universal curve may be 
seen. 

The variation of the boundary-layer thickness with distance has been pre- 
viously shown to be proportional to the distance from the virtual origin and is 
of the form given by (12). This equation may be written as 


ny = C(x’ + 2%), (22) 
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FiaurE 2. Velocity profile: the data points were taken with an outlet nozzle velocity of 
83 ft./sec and at four downstream positions. ©,2’ = 2-0ft.; ©, 2’ = 2-5 ft.; A,a’= 3-0ft.; 


O), x = 3°5 ft. 
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Ficure 3. Universal velocity profile: 
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where 2, is the distance from the outlet of the wind tunnel to the point where 
the turbulence is assumed to originate (the virtual origin). Further, the variation 
of the maximum velocity with downstream position may be written as 


a a= C(x’ + Xp)*. (23) 
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FicurE 4. Variation of velocity scale: ©, V, = 27 ft./sec.; ©, Vo = 40 ft./sec; 
OO, Vo = 60 ft./sec; A, Vo = 83 ft./sec. 





Vo X C, 
(ft./sec) (ft.) (ft.1-¢/sec) C, = h(Rp) a Ro Filo) 
27 0-60 36-4 0-0851 — 0-50 + 0-09 13,510 4-67 
40 1-297 46-8 0:0694 — 0-50+ 0-09 20,100 4-06 
60 1-077 88-7 0-056] — 0-62 + 0-08 30,000 6-90 
83 0°748 113-3 0:0607 — 0-60 + 0-04 41,600 5-95 
Average 0-931 — 0-06782 — 0-555 a 5-395 
value 


TABLE 2 





Values for the virtual origin x, and the constant C, were determined from (22) 
for each outlet velocity. Then the exponent a and the constant C, were obtained 
from (23) and are given in table 2. These values were obtained by means of a 
least squares fit of the experimental data and the 95 °% confidence intervals were 
evaluated. A plot of U,,, versus x is shown in figure 4, for the various outlet 


m 


velocities. 
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The inner layer 

Some of the velocities measured in the inner layer are presented in figure 5. 
The plot has logarithmic scales and shows U/U,, versus y/6. It is readily seen that 
over the whole range of experimental conditions, the data are correlated with the 
velocity scale U,, and the length scale 6. Near the wall, scatter of data was 
appreciable. This is due to the extremely small distance from the wall (of the 
order of 0-2mm). However, from this plot and also a linear plot (not shown), 
there does not appear to be any systematic variation within the data. It is 
therefore concluded that the same velocity scale and length scale applies to the 
whole boundary layer except very close to the wall (y < 0-005). 
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Figure 5. The inner layer: the data points shown span the entire outlet velocity 
range and downstream positions. 


Vo (ft./sec) x’ (£t.) Vo (ft./sec) x’ (ft.) 
© 26-0 2:0 : 60-7 5:0 
© 26-2 4:5 TAY 60-3 5:5 
\ 34-9 2-5 2 83-4 45 
E] 40-0 2°5 -E) 83-1 5-0 
©) 40-2 3:0 2\ 86-1 35 
oO 40-2 4-5 


The only previous measurements of the velocity distribution in the inner 
layer of the two-dimensional wall-jet were obtained by Foérthmann (1934). 
He concluded that the velocity profile varied as the classic one-seventh power 
of the distance from the wall. The present results show the exponent to be 
1/(14+1). Nearly 90°, of the inner layer follows this relationship, i.e. for 4 
lying between approximately 0-01 and 0-13. The curve deviates from this rela- 
tion near the maximum and near the wall. 

The one-seventh power law adopted by Férthmann (1934), Glauert (1956), 
and Sigalla (1958@) seems to have been obtained by considering the inner layer of 
the wall jet to be analogous to the turbulent boundary layer. As a first-order 
engineering approximation this analogy may be used, if the proper adjustments 
are made. However, there are certain important dissimilarities between the 
turbulent boundary layer and the inner layer of the wall-jet. The most important 
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difference is that of the intermittent nature of the outer part of the turbulent 
boundary layer. For at least 60°% of the thickness of the turbulent boundary layer 
the flow is characterized by alternate periods of turbulent and non-turbulent 
flow. Another point of difference lies in the modification of the structure of the 
inner layer of the wall-jet by the turbulence in the outer layer. Further, the skin- 
friction coefficient of a turbulent boundary layer varies in a manner different 
from that of the wall-jet. These factors may lead to serious discrepancies for 
certain conditions, if the inner layer of the wall-jet is considered to be com- 
pletely analogous to the turbulent boundary layer. 


Dimensional analysis 
Since the maximum velocity is a function of the downstream distance from the 
virtual origin, the outlet velocity, the viscosity and density of the fluid and the 
width of the nozzle, dimensional analysis shows that 


On| f = f(x/do, Vodo, v). (24) 
Using (12), (24) may be rewritten as 
U.,|Vo = (x/dy)*f,(R, (25) 
Hence comparing (12) and (25), it is found that 
fi(Ro) = C,d6/KH.- (26) 
The values of f,(R,) are listed in table 2 for the several outlet velocities. There 
is no apparent tenet variation with Reynolds number (R, : of either the 
virtual origin or the function f,(R,). If the average values of f,(R,), a, and a, are 
determined for the four outlet conditions, (25) may be written as 
U,,[Vo = 5°395(2x" |dg + 11-2)-0588, (27) 


Similarly, the boundary-layer thickness is a function of the outlet velocity of 
the nozzle, the distance from the virtual origin, the viscosity and density of the 
fluid, and the width of the nozzle. Hence, the dimensionless equation is written 


O/dy = h(x/do, Ro). (28) 
From the concept of self-preservation, (28) may be rewritten as 
b/d, = (x/do) hy(R,). (29) 
Therefore comparing (12) and (29), 
C, = h,(Ry). (30) 


From the values of CO, listed in table 2, there does not seem to be any systematic 
change in h,(R,) as the outlet Reynolds number is varied. The average of h,(R,) 
is found to be 0-0678, and the equation (28) is written 


b/d, = 0-0678(x'/dy+ 11-2). (31) 
Equations (27) and (31) are approximate formulae and are dependent on the 
individual system. In particular, the location of the virtual origin is a function 


of many conditions, such as the free-stream turbulence in the jet, the wall rough- 
ness, vibration, sound, and in fact, all the variables which affect the transition 
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of a laminar flow to a turbulent flow. i"ence, each system will have its own 
specific value for the virtual origin and the virtual origin may vary with the outlet 
' Reynolds number. From these experiments, there is no determinate functional 
variation of the virtual origin with the outlet Reynolds number, and the average 
value is used. 

If the outlet Reynolds number differs significantly from the range 13,000 to 
40,000, the functions f,(R)) and h,(R,) may change. However these functions 
at most vary slowly with ae outlet Reynolds number. 

The angle between the locus of points of the boundary-layer thickness and the 
plate was computed from (31) and found to be 3-8°. This value may be compared 
to that of Sigalla (1958a) which was 3-7°. Since Sigalla’s measurements were in 
the range of R, lying between 20,000 and 50,000, this is not surprising. 


Turbulent shear stress 
The Reynolds shear stress may be written as 
T= —puvr. (32) 
Also, using (19), (30), the average values of h,(R,) and table 2, the dimensionless 
correlation function becomes ° 


912()) = —0-007458 "| f?(7) dy + 0-03017f(7) "4 f(y) dy. (33) 
” 0 


This function has been evaluated graphically utilizing the universal velocity 
function and is shown in figures 6 and 7. Since the contribution to the total shear 
stress from the viscous terms is very much smaller than the turbulent shear stress 
(of the order of 3 % very close to the wall), the total shear stress at any 7) is very 
closely approximated by (32). A dimensionless shear stress is then defined as 


Chy =7/4PUm (34) 
and hence Chy = —2930(7)). (35) 


From figure 6, it is seen that the correlation function is not equal to zero at 
1m Which corresponds to the point where the maximum velocity occurs. The two- 
layer theory becomes suspect since the correlation function uv is zero at the outer 
edge of a turbulent boundary layer and at the centre-line of a symmetrical free 
jet. These two conditions are not met in the turbulent wall-jet. Further, the shear 
stress at the point where the maximum velocity occurs is non-zero, at least to 
the accuracy of the present data. This phenomenon is a consequence of the 
asymmetrical shape of the velocity distribution. 


The Boussinesq exchange coefficient 


The dimensionless exchange coefficient or eddy diffusivity has been previously 
defined in (21). The experimental determination of this quantity involved the 
graphical differentiation of the universal velocity profile. Also, as previously 
mentioned, the dimensionless correlation function g,.(7) was obtained by graphi- 
cal integration. These numerical techniques, especially the evaluation of the 
derivative, often produce results which are moderately inaccurate, even when 
exceptional care is taken with the data. 
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own Values of the exchange coefficient €, as a function of 7, were evaluated as 
itlet mentioned above, and the smoothed data are plotted in figures 6 and 7 for the 
onal outer and inner layers, respectively. 
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FicurE 7. Universal correlation function and exchange coefficient 
for the inner layer. 
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hen However, toward the velocity maximum or where the derivative of the velocity 
becomes zero, the eddy diffusivity will go to infinity since a finite value is 
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divided by zero. Also, the eddy diffusivity will change sign near the velocity 
maximum since g,.(7) changes sign and hence tends towards minus infinity. This 
obviously presents some interesting operational difficulties when the concept of 
an exchange coefficient is employed. 

In the inner layer, the functional behaviour of the eddy diffusivity from the 
wall outward somewhat resembles that of a turbulent boundary layer, except 
that as 7,, is approached, the coefficient tends toward positive infinity. In a 
turbulent boundary layer or a turbulent pipe flow, the wv correlation tends to 
zero at the outer edge and the centre line, respectively. The form of the exchange 
coefficient is then indeterminate However, L’Hospital’s rule may be applied 
and it may be shown that the coefficient tends towards a constant if the velocity 
distribution is parabolic where the derivative goes to zero. For the wall-jet, the 
wv correlation is non-zero, hence the form of € will tend towards infinity. 


5. Law of the wall 
It has been postulated that near a smooth wall, the velocity profile of an in- 
compressible flow is of the form 
U/U* = k(yU* |v), (36) 


where U* is the friction velocity and is equal to (7,,/p)?. Very near the wall, in 
the laminar sublayer, (36) has the form 


U/U* = yU*|v. (37) 


This is obtained from the assumption that the sublayer is so thin that the shear 
stress is constant across its width and hence the velocity is proportional to y, or 
conversely this behaviour defines the laminar sublayer. 
In the outer layer of a turbulent flow, such as a pipe or boundary layer, the 
velocity assumes the form re 
(U —U,,)/U* = j(y/8) (38) 
which is often called the velocity defect law. Since (36) and (38) overlap, (36) 
must have the form 





* 
U" +B (39) 


in the overlap region. The constants A and B have been given by Clauser (1956) 
as 5-6 and 4-9, respectively, and were obtained from the compilation of data 
obtained in turbulent boundary layers with and without pressure gradients and 
in turbulent pipe and channel flows. 

The terms in (36) may be rearranged into the forms 


oa Tk 


U , ‘ yU* veel Be Nested 
ye = 13-41 f(y) = (*—) = k(38-59 24 Yo) (40) 


which are obtained from (15), (6) and (12), and the average values of C,, C, 
anda. But f(7) is a universal function of y and is independent of x and Jj. There- 
fore, (36) cannot represent the data as long as the universal function applies, 
i.e. U/U,, = f(y). Now, the velocity defect law may be rewritten as 


(U -U,,)|U* = (7) (41) 
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and from (15) U* = C,2* | —C,(2a+ nf. F(a) aa) ‘ (42) 
0 
Then, defining Cz = —C,(2a+ 1) | * Pande, (43) 
0 


equation (41) may be rewritten 


eg - = a. (44) 
Hence the velocity defect law is linearly proportional to the present similarity 
law used to correlate the wall-jet data. 

The similarity law correlates the velocity data to the value of 7 of at least 
0-01. If the corresponding value of yl/*/v is estimated from equation (40), the 
value is 21-3 for V, = 27 ft./sec, x = 5ft., and v = 0-166 x 10-7 ft.?/sec. This value 
lies well within the logarithmic region of (39), but (39) is not applicable since the 
similarity law will still correlate the data. 

A ‘law of the wall’ may still apply to the region very near the boundary of the 
turbulent wall-jet; however, the constants obtained from measurements taken 
in turbulent boundary layers, pipe and channel flows appear to be inapplicable 
to the wall-jet flow. Unfortunately the present experimental technique did not 
allow a study of this inner inner-layer. 





6. The skin-friction coefficient 


The skin-friction coefficient was evaluated from (17) by graphical integration 
and using the average value of h,(R,). It was found that 
CO, = 1-109 x 10-2, (45) 
This is the average value for the present experimental conditions and it is indepen- 
dent of the downstream position and at most a slowly varying function of the 
outlet Reynolds number, Fy. 
This value is in conflict with the work of Sigalla (19586) who has correlated his 
data in the form 


C, = 0:0565 (U,,6,,/v)-#. (46) 

Equation (46) may be rearranged to give 
C; = 0-0565(R)-* (4,,/6)-#. (47) 
Now since R=U,,6/v = 0,0, 2%*1/y, (48) 
Croc (ar0°445)—1 = (a)-0-111, (49) 


This equation gives the variation of the skin-friction coefficient with x according 
to Sigalla, using the present results for the variation of the length and velocity 
scales. However, (45) shows that the skin-friction coefficient is constant for the 
present set of measurements. 

In the present work, the Reynolds number of the boundary layer varied from 
about 22,000 to 106,000. If these extremes are substituted into (46) and 4,,/6 
set equal to 0-14, C; will vary from 0-00743 to 0-00513. These values differ from 
the present results by about a factor of two. However, it might be mentioned that 
the absolute value of the skin-friction coefficient that was experimentally 
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determined is dependent on the quantity (2a+1). Since a is very close to — }, 
this quantity can be in error, although the above-mentioned arguments are 
correct. 

The results of Sigalla are based on the analogy of the inner layer of a turbulent 
wall-jet to that of a turbulent boundary layer. Hence the skin-friction coefficient 
is considered to have the same functional form as that of the turbulent boundary 
layer, or the Blasius form. The present results do not indicate that relationship. 

Further, the skin-friction coefficients obtained by Sigalla were determined by 
the method of Preston (1954). It has been shown by Bradshaw (1959) that the 
Preston tube calibration is not independent of the pressure gradient. Sigalla 
calibrated his device in a pipe flow, hence in a pressure gradient, and used it in the 
wall-jet which is without pressure gradient. It is also noted that the primary 
assumption of the Preston method is that the ‘law of the wall’ applies to all 
turbulent flows near a wall. In the previous discussion, it has been shown that 
this assumption is not true for the turbulent wall-jet. 


7. The outer layer 

The universal velocity distribution in the outer layer is shown in figure 3. 
Also shown are curves of sech? 7 and exp[ —A(7—7,,)?]. It is seen that a substan- 
tial part of the data is not well represented by either functional form. The close 
fit of the two curves to the data at the outer edge may be purely fortuitous, since 
no corrections for the effect of intermittency in the outer edge of the wall-jet 
have been applied. 

The velocity distribution for the plane wall-jet has been determined theor- 
etically by Glauert (1956) with the assumptions that the eddy diffusivity varies 
as U® in the inner layer, and is a constant in the outer layer. The x-wise varia- 
tion of similarity parameters was considered to be the same for both layers. 
For the outer layer, a solution of the equations of motion was obtained which 
deviated only slightly from the square of the hyperbolic secant and the deviation 
probably lies well within the limits of experimental error. As a matter of fact, 
the solution of the equations of motion of a plane, turbulent, free jet give this 
variation, if it is assumed that the exchange coefficient is constant across the flow. 
It becomes apparent then why the true velocity distribution differs from Glauert’s 
work, by referring to figure 6. It is seen that the dimensionless exchange co- 
efficient deviates markedly from its constant value near the maximum point. 


8. Conclusions 

All mean velocity data, taken over a three and one-half fold variation in the 
downstream dimension and a threefold range of nozzle velocities, were found to 
be reduced to a single universal curve with the length scale 6 and the velocity 
scale U,,. The correlation seemed to apply over the entire measured range, at 
least to a minimum value of 7 equal to 0-005. Further, it was shown with certain 
assumptions that the length scale must vary as 2, the distance downstream from 
the virtual origin, and the velocity scale must vary as x, where a was found equal 
to —0:555. The assumptions were that the mean velocity and the statistical 
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quantities u?, v2, and wv were self-preserving with the same scales, the viscous 
stresses were negligibly small, and the boundary-layer approximations were 
applicable. 

Empirical expressions were developed to correlate the length and velocity 
scales with the outlet velocity and widths of the nozzle, and the physical proper- 
ties of the fluid. 

The wv correlation as a function of the distance from the wall was computed 
from the mean velocity data assuming that it had self-preserving characteristics. 
Since there is a direct relation between the correlation function and the turbulent 
shear stress, which is practically equivalent to the total shear stress (viscous 
stresses are negligible), the shear-stress distribution in the turbulent boundary 
layer was determined. Of interest was the non-zero value of the shear stress or 
correlation function at the velocity maximum, which is due to the unsymmetrical 
shape of the velocity distribution. As a consequence, the measured values of the 
exchange coefficient or eddy diffusivity exhibit peculiar behaviour at this point, 
since a finite quantity is divided by a quantity which tends to zero in the limit. 

It is further concluded that the ‘law of the wall’ is not applicable to the turbu- 
lent wall-jet in the form that was obtained by experimentation in turbulent 
boundary layers, and turbulent pipe and channel flows. Also, the power-law 
representation commonly used for turbulent boundary layers to describe the 
mean velocity is appreciably modified in the wall-jet. Hence, present values of 
skin-friction coefficients differ from previous work, where the inner layer of the 
wall-jet was considered to be analogous to a turbulent boundary layer. The inner 
layer’s structure is modified from that of turbulent boundary layer by the pre- 
sence of the outer layer. 

In the outer layer of the wall-jet and near the position of maximum velocity, 
there is a considerable difference in the velocity profile from that of a free jet 
or a mixing layer. This is caused primarily by the effect of the inner layer on the 
outer layer. Further, the square of the hyperbolic secant will not represent the 
velocity distribution since the value of the eddy viscosity is not constant across 
the flow, and approaches infinity at the maximum. 
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On the stability of heterogeneous shear flows 
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Small perturbations of a parallel shear flow U(y) in an inviscid, incompressible 
fluid of variable density p(y) are considered. It is deduced that dynamic in- 
stability of statically stable flows (p(y) < 0) cannot be other than exponential, 
in consequence of which it suffices to consider spatially periodic, travelling waves. 
The general solution of the resulting differential equation is considered in some 
detail, with special emphasis on the Reynolds stress that transfers energy from 
the mean flow to the travelling wave. It is proved (as originally conjectured by 
G. I. Taylor) that sufficient conditions for stability are U’(y) + 0 and J(y) > 4 
throughout the flow, where A(y) = —gpo(y)/po(y)U'*(y) is the local Richardson 
number. It also is pointed out that the kinetic energy of a normal mode in an ideal 
fluid may be infinite if 0 < J(y,) < 4, where U(y,) is the wave speed. 





1. Introduction 


We shall consider here the stability of a heterogeneous (or stratified) shear 
flow—namely a parallel shear flow U(y) in an inviscid, non-heat-conducting, 
incompressible fluid of density p)(y). The principal measure of stability, in so far 
as the buoyancy effects of the density gradient override its inertial effects, is the 


Richardson number J(y) = fo(dU jdy)-2, (1.1) 
where Aly) = —ad/dy log poy) = —poly)/Poly) (1.2) 


is a measure of the static stability of the density stratification (f < 0 implies 
static instability). The inertial effects of density gradient are measured by /1, 
where / is a characteristic length; neglecting these effects, as in meteorological 
and oceanographic problems, implies |/|I < 1. 

Analytical studies of heterogeneous shear flow, although finding antecedents 
in the work of Kelvin and Rayleigh on hydrodynamic stability, may be dated 
from G. I. Taylor’s Adams Prize essay of 1915, which was published concurrently 
with a closely related investigation by Goldstein (1931). These two papers, 
dealing primarily with specific flow configurations (see below), were followed 
closely by Synge’s (1933) study of the general boundary-value problem. This 
important paper appears to have escaped the notice of many later workers,{ 
who have rediscovered several of Synge’s results. Subsequent work has been 
largely in the hands of meteorologists (often in difficult-to-obtain sources), 


+ Including the present writer, who is indebted to Dr Drazin for bringing Synge’s work 
to his attention. 
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with special reference to the problems of atmospheric stability and mountain- 
lee-wave formation (see Holmboe (1957) for a survey of the latter problem). 

The primary goal of the present investigation is a proof that U’(y) + 0 and 
J(y) > } are sufficient conditions for the stability of a heterogeneous shear flow 
(Theorem X in §5), as originally conjectured by Taylor (1915/31). We shall 
follow the usual, normal-mode approach on the ground that dynamic instability 
of a statically stable (f > 9) shear flow of an ideal fluid cannot be other than 
exponential. This is not to say that the normal-mode approach is completely 
adequate for an ideal fluid, however, and we shall call attention to the striking 
fact, apparently overlooked by previous workers, that the energies of those 
modes that are comprised by the neutral-stability boundary may be infinite. 
We also remark that none of the existing investigations of continuous shear 
and density profiles has proved that unstable modes exist and are contiguous to 
the loci of neutral modes that are asserted to form the stability boundaries. Such 
a proof is much to be desired, especially in consequence of the aforementioned 
possibility of infinite energy for the neutral modes. (The energy of an unstable 
mode is found to be finite at any fixed time, although tending to infinity exponen- 
tially in time.) 

Throughout our investigation, we shall place special emphasis on the Reynolds 
stress that transfers energy from the mean flow to the disturbance, following 
closely the corresponding treatment of homogeneous shear flow (see Lin 1955: 
this reference will be denoted subsequently by L, followed by the appropriate 
section or equation number). This is, in some instances, less direct than the 
application of standard oscillation theorems to the boundary-value problem 
(as in Synge’s paper), but it does throw additional light on the problem and may 
point the way to further progress in the investigation of unstable modes. 

Before proceeding with the mathematical development, we shall outline the 
known results for a few, representative configurations, assuming |/|/ < 1 except 
as noted. 

Taylor (1931) considered a semi-infinite flow, above a horizontal wall, with 
U' and f# constant. He concluded that only neutral waves could exist for J > } 
and that no (harmonic) waves could exist for 0 < J < }. These results were 
clarified and extended by Eliassen, Hoiland & Riis (1953), who considered 
flow between two parallel walls with U’ and / constant. They attacked the 
initial-value problem and showed that a disturbance originating from arbitrary 
initial conditions would behave asymptotically like fe-D), yp = (1—4J)}, for 
—}<J < } (and hence be unstable for J < 0) but would be exponentially un- 
stable only for J < —#; for the semi-infinite case, this asymptotic behaviour 
holds for —2 < J < }, with exponential instability for J < —2. The initial- 
value problem for the semi-infinite case also has been solved by Case (1960). His 
analysis is less general than that of Eliassen et al. in considering only J > 0, but 
more general in allowing for the inertial effects of density variation. 

Goldstein (1931) considered an imbedded shear layer of thickness 2h, with 
both U’ and £ constant in |y| < h and vanishing in |y| > h. He concluded that 
harmonic perturbations would be stable for J > } and unstable for all wave- 
lengths for 0 < J < }. 

32 Fluid Mech. 10 
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Drazin (1958a) has considered a more realistic model for an imbedded shear 
layer, with U(y) = Ujhtanh(y/h) and # = const. He too concluded that har- 
monic perturbations would be stable for J, = (fg/U,?) < 4, but predicted insta- 
bility only for a finite range of wavelengths for 0 < J, < }. Drazin concluded 
that his agreement with Goldstein on the value of the critical Richardson 
number, namely J = 4, was coincidental (that it is not coincidental follows from 
Theorem X below, together with the fact that J(y) > J) in Drazin’s model). 
Menkes (1959, 1960) has extended Drazin’s analysis by including the inertial 
effects of density variation, which are found to be stabilizing. Holmboe (1960) 
has modified Drazin’s model by letting £ = £, sech? (y/h). This leads to the neutral 
curve J, = a(1—«) in place of Drazin’s result J, = a?(1—a?), where « = kh and 
k is the wave-number. 

Neither Drazin’s model nor Holmboe’s modification thereof yields instability 
for a > 1, in striking disagreement with Goldstein’s result for 0 < J < }. It 
seems clear that the discontinuities in U’ and f at y = +h invalidate Goldstein’s 
result for sufficiently small wavelengths (large ~), but it is not clear why his model 
should predict instability for very long wavelengths (small «). Indeed, we should 
expect the result for sufficiently long wavelengths to resemble that for Kelvin- 
Helmholtz instability of a -vortex sheet. Assuming a small discontinuity 
Apo (< Po) in density and a discontinuity AU in velocity, the latter model pre- 
dicts stability for (Lamb 1932, § 232) 


k < 2gAp,/p (AU), (1.3) 
; - Apy\ ( 2h \? _ 


Curiously enough, Goldstein did obtain (1.4), as a > 0, for the somewhat cruder 
model having U’ constant in |y| < h and vanishing in |y| > A and density con- 
stant except for equal discontinuities at y = +h (in contrast to the continuous 
density profile for the model described in the penultimate paragraph). Drazin’s 
model predicts stability for « < J ¥ as «—>0, but Holmboe’s modification leads to 
(1.4). The anomalous character of Drazin’s result evidently must be charged to 
the evanescence of his density profile as y — 00. 


2. Equations of motion 


The basic equations of motion for our model are the Euler equation 


a+ (4.V)q = —p“Vp—gVy, (2.1) 
the condition of incompressibility 
pr+(a.¥)p = 0, (2.2) 


and the equation of continuity 
V.q=0, (2.3) 


where q, p and p denote vector velocity, pressure and density. We shall consider 


+ Drazin (private communication) has pointed out that the limiting forms « ~ J# and 
x ~ Jy, « +0, for the neutral stability boundaries in his original model and Holmboe’s 
modification thereof may be deduced from dimensional considerations. 








ol 
tu 


Ww 
ar 
In 


ar 





shear 

har- 
nsta- 
uded 
‘dson 
from 
del). 
rtial 
1960) 
utral 
» and 


oility 
1. It 
ein’s 
10de] 
ould 
lvin- 
Luity 

pre- 


(1.3) 
(1.4) 


uder 
con- 
uous 
zin’s 
ds to 
2d to 





Stability of heterogeneous shear flows 499 


only small, two-dimensional disturbances, noting that three-dimensional dis- 
turbances of the same wavelength generally are more stable (Yih 1955). Let 


P = Po—Po?: (2.4, b) 


where wu and v denote the x- and y-components of the perturbation velocity 
and 9 denotes the vertical displacement of a particle from its initial position.+ 
Introducing (2.4a, b) in (2.1)-(2.3) and neglecting terms of second order in u, » 
and 9, we obtain the linearized equations 


q = (U+4u,»), 


me 2) a 
Po 7 he °] = —(P—Ppo)>; (2.5a) 

Dv : 
poli + Aon) = —(P—Po)y: (2.56) 

Dy ' 
ao 2.6 
Dt (38) 
and U,+v, = 0, (2.7) 

yp ©. we 
where aa —T.. 


fis defined by (1.2), subscripts denote partial differentiation, and primes denote 
differentiation with respect to y. 

Taking the scalar product of (2.5a,b) with (u,v), substituting v from (2.6) in 
the product fgvy, multiplying (2.7) by p — po, adding the results, and integrating 
over the domain under consideration, say (71, 7) and (y,, ¥.), we obtain theenergy- 
transfer equation 


ty 
| ‘| "Po E = (wu? + v? + Bon) + U'ws] dudy 
ad 
Z2 [V2 
i -{ | {[(p— Po) “le +[(p— Po) v],}dady. (2.8) 
mvy 
Denoting the z-integrals by a bar and assuming either that the disturbance is 


periodic in x (in which case the bar may be interpreted as implying an average 
over one wavelength) or that y and v vanish at x = + 00 (in which case the bar 


must be interpreted as implying integration from « = — co tox = + 00), we may 
reduce (2.8) to (ef. Reynolds 1895) 
0 
~(7+V)=P+Q, (2.9) 
ct 
1 [v2 saan: 
where T= 3] Po(u? + v?) dy (2.10) 
“Jy 
denotes the kinetic energy, 
Ye — 
V= io | Spon? dy (2.11) 
VY 


+ Equation (2.46) expresses the fact that a particle at the instantaneous elevation y 
has the density corresponding to its original elevation y—y7. An alternative, and in some 
ways more fundamental, approach would be to introduce 7 as the displacement of a stream- 
line in intrinsic co-ordinates prior to linearization (cf. Miles, 1959). 

32.2 
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the potential energy, 

P =[—(p—po) v]}? (2.12) 
the rate at which work is done on the perturbation flow by the external pressures 
at the boundaries y, and y., and 


b= [ “rudy (2.13) 
V1 


the rate at which energy is transferred from the mean flow to the perturbation 


flow by the Reynolds stress T= —poue. (2.14) 


We shall restrict the subsequent development to spatially periodic normal 
modes (see (3.1) below) for which f(y) > 0. We may regard such motions, in so 
far as they exist and are either neutrally stable or exponentially unstable, as 
the dominant components of an asymptotic approximation to the solution of 
appropriate initial-value problems provided that unstable motions growing 
more slowly than an exponential cannot exist.+ A straightforward extension of 
the analyses of Eliassen et al. (1953) and Case (1960) leads to the conclusion that: 


I. The non-exponential growth of a small disturbance in a heterogeneous 
shear flow cannot be more rapid than #@~), where v,, is the maximum 
value of [1 —4J(y)]}. 


It follows that: 
II. Dynamic instability of a statically stable, heterogeneous shear flow cannot 


be other than exponential. 


We emphasize, however, that statically unstable flows (f < 0 in any finite 
y-interval) may, and generally will, exhibit dynamic instabilities of algebraic 
growth, even though all spatially periodic wave motions are stable. This last 
statement is amply illustrated by the results of Eliassen et al. as described above. 


3. Periodic motions 
We now assume the spatially periodic wave motion 


(x,y, t) = Fly) ee, (3.1) 


where k is real, but c may be complex. In accordance with the usual convention, 
we imply that the imaginary part of the right-hand side of (3.1) is to be discarded 
in the final reckoning; alternatively, we may regard F(y;k,kc) as a double 
Fourier transform with respect to x and t, the corresponding spectral variables 
being k and kc. Substituting (3.1) in (2.5)-(2.7), we obtain 


w= —[(U—c)y], v=tk(U—c)y, p—po=polU—c)*7’, (3.24, 6, ¢) 
and [po(U —c)? F’] + pol fg —k2(U —c)?] F = 0. (3.3) 


The differential equation (3.3) is especially convenient in the study of non- 
singular oscillations, but we may proceed more directly to the structure of the 


{ The importance of aperiodic motions in hydrodynamic stability was recognized and 
developed by Orr (1907), who solved the initial-vaiue problem for small disturbances of an 
inviscid, plane Couette flow. 
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general solution by eliminating the first derivative of the dependent variable 
through the transformation 


X(y) = psy) [Uly)—€] Fly). (3.4) 

Substituting (3.4) in (3.3), we may place the resulting differential equation in the 

standard form X"(y) +h(y) X(y) = 0, (3.5) 

where h = fg(U —c)-*—pp(p,U’)’ (U—c) 1 — (hk? +1 6?-47’). (3.6) 
We note that the stream function is given by 

W(x, y,t) = po*y) X (ye, (3.7) 


and that X(y)e**- may be regarded as a stream function if the inertial effects 
of density variation are neglected, in which case (3.5) reduces to (the usual 
meteorological approximation) 


X"(y) +[fg(U —c)-2- U"(U —c)1- ke] X = 0. (3.8) 


Following Synge (1933), we also may reduce the differential equation for the 
stream function to standard form through the transformation 


2 -("4 . (3.9) 


under which (3.5) goes over to 


dy 2 bg (Pp )U')’ | 
dz * Po anaes mn sie (3.10) 


The point y = y,, defined by 
Uy.) =¢, U,= U'ty,) + 0, (3.11a, b) 


and designated as the critical layer for the shear flow, is a regular singularity for 
each of the foregoing differential equations.t The exponents of this singularity 


BE i 
are (1 bs ), where v= oy = (1 —4J,)}, (3.12) 


and J, is the Richardson number of (1.1) evaluated at y = y,. Assuming that 
v is not an integer, and that U(y) and p,(y) may be continued analytically into 
the complex neighbourhood of y = y,, we may apply the method of Frobenius 
to obtain two, linearly independent solutions to (3.5) in the form 


X(y) = (y—Ye)***” wy), (3.13) 


where w,, are analytic functions of y in the neighbourhood of y = y, having the 


form : a 
(Pp) U")’ | (Y-Ye) | 
w, = 1+ Pedy ey es. (3.14) 
* ( ) po U Pole Ltv 


+ The assumption U; + 0 implies a simple zero of U—c at y = y,. The singularity 
would be irregular if U; = 0. We shall not consider this possibility, but it clearly may be 
of considerable importance for jet-type flows. Indeed, Drazin & Howard (personal com- 
munication) have found that the most important long-wave instabilities for jet-type shear 
flows are those for which c = U,,,,, so that U; = 0. 
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The Wronskian of these solutions is 
Wit... 4_} = X,23'-X,.2_ = —-v. (3.15) 


The solution X_ degenerates if v is an integer and, except under very special 
conditions (see below), must be modified to include a component proportional 
to X..(y) log (y—y,). The only statically stable flow in this category is that for 
which J, = 0 (v = 1), and the solutions then are essentially similar to those for 
homogeneous shear flow. We shall not consider them in any detail here, but we 
remark that the logarithmic component is proportional to the discontinuity in 

Xeynolds stress at y = y,, as calculated in (5.13) and (5.14) below. The singularity 
at y = y, is only apparent if this discontinuity vanishes, and both solutions to 
the differential equation then are regular. 

We may regard the singularity at y = y, as a consequence of either (a) our 
assumption of the periodic wave motion of (3.1), or (b) our neglect of diffusion 
effects; the branch cut at y = y, can be determined only after either (a) posing 
an initial-value problem and then determining its asymptotic solution as t + 00, 
or (b) introducing the dominant diffusion effects and then determining the asymp- 
totic solution as the diffusion,parameters tend to zero. The former approach 
(cf. Eliassen e¢ al. 1953 and Case 1960) implies that the path of integration for 
the inverse transform in the kc spectral plane must pass above (ic; > 0) the branch 
point at ke = kU(y) and hence that 


(U—c) = (c—U)e*", k20. (3.16) 


The latter approach usually has been adopted in considering the stability of 
homogeneous shear flow (see L3.4, 3.6, 8.3-8.9), but in the present instance it is 
necessary to introduce both viscosity and heat conduction to resolve the question. 
The linearized equations of motion then constitute a system of the sixth order 
(cf. L 5.2 and 5.3, adding the buoyancy force (p — py) g to the y-component of the 
perturbation pressure gradient in L.5.2.2 and L(5.3.9)). We shall not present 
these equations here, but we remark that a boundary-layer analysis in the neigh- 
bourhood of y = y, leads to the conclusion that the order of magnitude of the 
actual thickness of the critical layer is given by (cf. L8.8) 


5 = Of(ulkpoU')$ («eR (3.174) 
= O[Re-*Pr-4(1 —y—)-4], (3.170) 


where jz denotes the viscosity, x the heat conductivity, R the universal gas con- 
stant, Re a Reynolds number based on wavelength, Pr the Prandtl number, and 
y the specific heat ratio. 

Much of the discussion of the next two sections will be concerned with neutral 
wave motions, for which c; = 0. We designate such motions as singular or non- 
singular as y, does or does not lie in the open interval (y,, y.). In the former case 


+ We also might regard the singularity at y = y, as a consequence of linearization, but 
it is by no means clear that the behaviour of the linear solution in the neighbourhood of 
y = y, could be resolved by a consideration of the non-linear, inviscid periodic flow. 








we 
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we imply that the limit kc; = 0 must be approached through positive values, and 
(3.16) implies the transition relations (note that wt, = w_ for J, > } and y real) 


X4(y) = Xa(y)e*a2”80-¥) (J, < ¥), (3.184) 

and X*(y) = Xz(yemt+M8u-w) (J, > 9), (3.182) 
where the asterisk denotes the complex conjugate and 

S=0, y>y, (3.19a) 

=+13, £0.20 &<y,). (3.195) 


We emphasize that (3.19a, b) are valid only for real y. 

We conclude this discussion by remarking that the singularity in X_ at 
y = y,for0 < J, < }(but not for J, = 0) renders both the kinetic and the potential 
energies of (2.10) and (2.11) infinite for singular neutral modes. A specific 
example is provided by Drazin’s results for singular neutral modes in the range 
4 < a? < 1, where his solution is essentially X_; for 0 < a < 4, on the other 
hand, his solution is X,, and the energy is bounded. We observe that these 
infinite energies are a consequence of our too-idealized model and could be 
removed by including diffusion effects. It also seems likely that these modes 
would contribute only a finite amount of energy to the solution of an initial-value 
problem for an ideal fluid provided that the Fourier transform of the initial 
disturbance were continuous in &. 


4, The eigenvalue problem 


We shall consider the eigenvalue problem presented by the assumption of the 
spatially periodic wave motion (3.1) subject to the boundary conditions 


=,=90 or =f =0, (4.1 a,b) 


where the subscripts 1 and 2 imply evaluation at y = y, and y = y,. Many of 
the subsequent results held for more general boundary conditions, but those of 
(4.1) hold for the most important cases of horizontal walls at finite values of 
y, OF Y, and/or null conditions at infinity. 

Let 1 be a characteristic length, ¢,, a characteristic velocity, and /, a character- 
istic measure of / (we need not introduce an explicit scale for the density py in 
virtue of the invariance of the eigenvalue problem with respect to changes in 
this scale). We then may pose the secular equation for our eigenvalue problem 


in the form A(cleq, ,A, 0) = 0, (4.2) 
where a=, A=f,,Piguzd,, =f, i (4.34, b,c) 


are dimensionless, real parameters but c = c,+ic; may be complex. We may 
assume a > 0 without loss of generality. We define a neutral surface as a locus 
of eigenvalues for which c; = 0 in a (c,,a,A,o)-space. Such a surface will be 
a stability boundary if and only if there exist contiguous eigenvalues for which 
c; > 0 (unstable wave motions). 

We shall assume that U(y) and p,(y) are regular functions of y in (¥;, ¥). 
that these functions may be continued analytically into a neighbourhood of 
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(y1;Y2) that includes the singular point y = y,, and that neither U’(y) nor f(y) 
vanishes in this neighbourhood; on the other hand, we do not exclude the end- 
points y, and y, as possible singularities of the differential equation. These 
restrictions, especially the requirements U’ + 0 and f# + 0, exclude interesting 
problems (although several of the following theorems, e.g. V, obviously can be 
proved under weaker restrictions), but they guarantee that c,; is a continuous 
function of the remaining parameters, and hence that the trajectory of a complex 
eigenvalue must terminate on a stability boundary. 
We first remark that 


FP, ~ (U-0)*X, ~ (y—-y)* OO yy), (4.4) 
in consequence of which the boundary conditions (4.16) imply that: 


III. The phase velocity c cannot be equal to U, or U,. 


We observe that this result could not have been inferred from the weaker 
boundary conditions v,=v,=0, since v ~ (U—c)F ~ (y—y,)*4*”. This 
paradox is a consequence of linearization, since the approximation v = ik(U —c) y 
is not uniformly valid in the neighbourhood of U = c. If po(y;,2) + 0, we may 
regard the boundary condition 7, . = 0 as a direct consequence of the physical 
requirement that a particle at y = y,,. cannot have a density corresponding to 
an initial position in ySy, . (ef. (2.46)); but if po(y,,.) = 0 the corresponding 
boundary condition, and hence III, becomes ambiguous as c -> U, ». 

Now let us suppose that c; > 0, so that U(y) + ¢ in (y,, y,) and F(y) is regular 
there. Then, multiplying both sides of (3.3) by the complex conjugate F*, 
integrating between y, and y,, integrating [p)(U —c)? F’]’ F* by parts, and in- 
voking the boundary conditions (4.16), we obtain (ef. L 8.2) 


Vo Ye 
|" poblFledy = |" poe (LF e+ IF Pay. (4.5) 
i] 


Vn Bt 
Equating the real parts of (4.5), we infer that: 
IV. Non-singular neutral modes cannot exist if f(y) < 0 in (y;, 2). 
Taking the imaginary part of (4.5), we obtain 


ci |" (Ue) (LP P+ LF) dy am (4.6) 


VY 


from which we infer that: 


V. The phase velocity c, for unstable modes (c; > 0) must lie between the 
maximum and minimum values of U(y) in [y,, y2]. This implies 


U%<¢<U, ££ U's0 mm (ym). 


We emphasize that this last result is valid for any finite, positive value of ¢;. 
If c; > 0* it also may be inferred from VII below, subject to the restriction that 
f and (p,U’)’ do not vanish simultaneously. This more restricted form of V was 
proved originally by Synge (1933) and, independently, by Yih (1957). Drazin 
(19585) proved V as stated above after neglecting the inertial effects of the density 
gradient. 
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A direct corollary of III and V, together with the restrictions guaranteeing the 
continuity of ¢;, is: 

VI. A stability boundary consists of singular neutral modes—i.e. modes for 

which c; = 0 and U(y) = ¢, in (y;, Ye). 

We remark that the converse of VI is not necessarily true, for we have not demon- 
strated that unstable modes are contiguous to all singular neutral modes. We 
also remark that if III were not applicable (as it would not be for homogeneous 
shear flow), we would have to admit c = U, and c = U, as possible end-points for 
the trajectories of complex eigenvalues and replace (¥,, ¥2) by [y,, ye] in VI. 


5. The Reynolds stress 

We may deduce further important results for periodic motions in general, 
and for the eigenvalue problem of the preceding section in particular, from a 
consideration of the Reynolds stress defined by (2.14). Expressing w and v in 
terms of X with the aid of (3.1), (3.2a, 6) and (3.4), and substituting the results 
in (2.14), we obtain (for real y) 

T = $h(X'X*), e%rié, (5.1) 

where the subscript 7 implies the imaginary part. Differentiating (5.1) with 
respect to y and substituting X” from (3.5), we obtain 


n 








= = 4k(X"X*),e2eit (5.2a) 
= —1kh,|X|2e2%it (5.26) 
= —k“h, pyr. (5.2c) 


Referring to (3.6), we obtain 
2hqg(U —¢ U’)’ 
h; =¢; Pg " Cy) (Po! ) ; (5 3) 
|U-cl|* = pjU—c? 
The boundary conditions (4.1) imply 
Ty = To = 0. (5.4) 
First, let us suppose that c; + 0; then, since 07/éy cannot vanish identically, the 
Reynolds stress must have an extremum and h, must change sign in (y,, Y2). 
This result, which constitutes the extension to heterogeneous shear flows of 
Rayleigh’s theorem on the necessity of a flex (U” = 0) for an unstable mode in a 
homogeneous shear flow, also follows from the well-known oscillation theorem 
(Ince 1944, ch. xx1) for the differential equation (3.5) subject to the boundary 
conditions (5.4). It was proved originally by Synge (1933) and, independently, 
by Yih (1957) and Drazin (19580). Synge used it to prove that complex values of 
c must lie on one of the family of circles (with y as the family parameter) 
po'pyU')' [(c,— U)? + €%] + 2fg(e,— U) = 0, (5.5) 
provided that (p,U’)’ and f do not vanish simultaneously, and hence that 
le;| < max.|fg9po/(P)U")’|. 
This result also was given by Yih (1957) except for an erroneous factor of 2. 


(5.6) 
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Synge also proved that complex values of c must be confined to the interiors of 


the looped curves 


Ve ~2 : : 
37° eo | po ray] [(c, — U)? +2}? — pp (pg UY’ (c, — U) [(c,- UP? + 9] 
° — fglle,—U)?—e%] = 0, (5.7) 


which overlap with the circles of (5.5) ina region that cuts the real axisatc, = Uyyin 
and c,= Uy. This region excludes c, = U,,;, and includes c, = Uy, for 
c; > 0, so that Synge’s results confine the minimum value of c, more severely 
and its maximum value less severely than V above. 

We shall restrict the subsequent discussion of this section to neutral wave 
motions (c; = 0).+ The condition c; = 0 implies, through (5.2) and (5.3), that the 
Reynolds stress 7 must be constant except for possible discontinuities at y = y,. 
No such discontinuities can exist for a non-singular motion, in which case (5.4) 
implies T= 0. Only one such discontinuity is possible if U(y) is monotonic in 
(Y,; Ye), and a necessary condition for a singular neutral mode subject to (5.4) is 
that this discontinuity vanish to yield 7 = 0. We conclude that: 


VII. The Reynolds stress fer any neutral oscillation vanishes identically for 
monotonic U(y) if J, > 0. 
More than one critical layer may exist if U(y) is not monotonic, however, and 
then the discontinuities in 7 may cancel to satisfy (5.4). 
We may calculate rather simple expressions for the Reynolds stress for neutral 
wave motions by posing a general solution to (3.5) in the form 


X(y) = AX_(y)+BX_(y). (5.8) 

Substituting (5.8) in (5.1) and setting c; = 0+, we obtain 
T = $k(|A|2X', X% +|Bl2X_ X* + AB*X', X* + A*BX* X’),. (5.9) 
Invoking (3.13) and (3.18a, 6), we find that the first two terms in parentheses 


are real for J, < }(v real), whereas the last two terms are complex conjugates for 
J. >4(v =i imaginary). In the former case, we have 


X', X* = (X', X_)*e-imts (5.104) 
= (v+X, X_)* eins (5.105) 
ape ee4 Zz, (5.10c) 


with the aid of (3.18a) and (3.15), and we may reduce (5.9) to 


ea Skv{ A B* e-tm)S Y-Yo} . (J, < 4). (5.11) 
Similarly, we obtain 
~— Lku{|A|? smite) Sy—Ye) — | Bl? er!) Sw—uo (J, > 4). (5.12) 


If J, = 0, we must distinguish between p;,, = 0 (heterogeneous flow with an ex- 
tremum in the density) and g = 0 (heterogeneous flow with negligible buoyancy 


+ A necessary condition for any neutral motion is, from (2.9), P+Q = 0. Calculating 
P through (3.1) (3.26, ¢), (3.4) and (2.12), we may express this condition in the form 
Q = -P=7,U,-—7,U,—c¢(T,—7,). This reduces to P = Q = 0 under the boundary con- 
ditions (5.4). 
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force). In the former case we may approximate f by —(p9/p.) U’),(U —c) and inte- 
grate (5.2c) between y,— and y,+ to obtain (cf. L 4.3) 


7 _ . ye , ~ 16 
T(Yo+ ) —Y,- ) = k |( U"+ a) al (Poe = 0). (5.13) 
’ : ¢c 


whereas in the latter case 








1 we ¥ 
T(y,+)—-TI¥e—) = k rot ) tal (g = 9). (5.14) 





The results (5.11) to (5.14) hold for any neutral wave motion, independently 
of the boundary conditions at y, and y,. We shall proceed further on the assump- 
tion that U(y) is monotonic (U’ + 0) in (y,, y,), so that only a single critical layer 
can exist and (5.8) to (5.12) remain valid throughout (y,, y,) for fixed A and B. 
Imposing the boundary conditions (5.4) on (5.11), we then obtain (A B*); = 0 
and AB* sin (zv) = 0, which imply either A = 0 or B = 0 (since v cannot be an 
integer), whence: 


VIII. A singular neutral mode X for which 0 < J, < } must be simply pro- 
portional to either X, or X_. 
This theorem, which is illustrated by Drazin’s (1958) results, is important in 
connexion with our previous observation that the modal energy associated with 
X_ is infinite if 0 < J, < 4. 
Imposing (5.4) on (5.12), we obtain A = B = 0, whence: 


IX. Singular neutral modes cannot exist for monotonic U(y) if J(y) > } in 
(Y1, Yo): 
This result was stated by Synge (1933), who asserted that it follows directly from 
the fact that neither X, nor X_ can be real. This argument appears to overlook 
the fact that X, as given by (5.8), isrealif B = A*,in consequence of which IX can 
follow only after the invocation of appropriate boundary conditions. | We have 
not, of course, ruled out non-singular neutral modes for J(y) > 4 in (y;, ¥2). 
Now let us consider the possibility of unstable modes for J(y) > } in (y;, ys). 
We can approach this question by considering the asymptotic behaviour of c as a 
function of the parameter A (see (4.2) and (4.3)), say c(A). We assume that J(y) is 
positive definite and of prescribed functional form, but that A may be varied. 
(It is perhaps simplest, conceptually, to imagine f(y) and U’(y) to be prescribed 
and gq varied, but we also may prescribe /(y)/f,, and U'(y) l/c, and vary any or all 
of Py, C,, land g.) Let Ay be the minimum value of A for which J(y) > 4 in (y;, y9). 
Then, from IX, c(A) must either be definitely complex (|c;| > 0) or non-singular 
(real and not in [U,, U,]) for A > Ay. Applying Liouville’s method to (3.5), we 
obtain the asymptotic solutions 


X, ~ (Bg) (U-otexp| +i 


V1 


Y 


(Pg)! (Ue) May] (A->00). (5.15) 
Invoking the boundary conditions X, = X, = 0, we obtain 


Ye (faqys 
sin | aed =0 (A> o), (5.16) 


Y1 U Ne 


+ Prof. Synge (private communication) agrees with this statement. 
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as the asymptotic form of the secular equation. Assuming U’ + 0 in (y,,y.), we 
see that (5.16) can be satisfied only if ¢ is real and not in [U,, U,], corresponding to 
a non-singular neutral mode. It follows that c,(A) = 0 for A > A, and hence that: 


X. Sufficient conditions for the stability of a heterogeneous shear flow are 
U'(y) + Oand J(y) > tin (y,, y2). 


6. Concluding remarks 


The most important questions left unresolved by the preceding analysis appear 
to concern (a) the conditions under which a locus of singular neutral modes 
constitutes a true stability boundary, and (db) the significance of singular neutral 
modes having infinite energies. It appears unlikely that (a) could be resolved 
satisfactorily without first resolving (bd). 

It also would be desirable to give further consideration to non-montonic 
velocity distributions, but this would appear to raise some difficult mathematicai 
questions. 


I am indebted to my colleague Jérgen Holmboe for several stimulating discus- 
sions of the problems considered here and to P. G. Drazin for helpful criticism 
and for bringing my attention to Synge’s work. 

This work was supported by the United States Atomic Energy Commission 
under Contract AT (11-1)-34, Project 34. 
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Note on a paper of John W. Miles 


By LOUIS N. HOWARD 


Mathematics Department, Massachusetts Institute of Technology 
(Received 21 March 1961) 


The theorem X established by Miles in the preceding paper is here given a simpler 
and more general proof. Some further theoretical results concerning the stability 
of heterogeneous shear flows are also presented, in particular a demonstration 
that the complex wave velocity of any unstable mode must lie in a certain semi- 
circle. 





1. Introduction 


In his paper (1961; henceforth referred to as I), Miles has established the con- 
jecture of G. I. Taylor that a sufficient condition for infinitesimal stability in a 
parallel, stratified, inviscid flow is that the local Richardson number should 
everywhere exceed }. Miles assumed in his proof that the velocity profile was 
monotonic, and that it and the density profile were analytic in a complex neigh- 
bourhood of the real flow domain. This note presents a simpler proof of Miles’s 
theorem, which does not require these hypotheses. Some other related results 
are also given. For a derivation of the basic equations and references to previous 
work, one may consult Miles’s paper. 


2. Miles’s theorem 


To facilitate reference to I, the same notation will be used here. The basic 
velocity field is U(y), and the density field p(y) [po(y) was used in I, but the sub- 
script will not be needed here]. The stream-function perturbation is 

( i= c) Fy) etkx—ch) 
and the linearized equations of motion lead to 
[p(U —¢)? F'Y + [fg —k(U —c)?] F = 0. (2.1) 

This is equation (3.3) of I; 2 is —p’/p, and g is the acceleration of gravity. It 
is always assumed here that the density stratification is statically stable, i.e. 
f > 0. The boundary conditions are that F vanish on y = y, and y, (rigid walls), 
which may recede to +00 in limiting cases. The flow is unstable if (2.1) and the 
boundary conditions have non-trivial solutions with Imc > 0. Set c = ¢,+%¢,, 
and for brevity let W = U —c. Suppose now that F is such an unstable solution. 
Since c; > 0, W is never zero and one can select one branch of W? to be used con- 
sistently throughout (y,, y2); it will be as differentiable as U is, say at least 
piecewise twice continuously differentiable. Now set G = W?F, and replace 
the variable F in (2.1) by G. This gives 


(pWG")' —[3(pU')' + pW + pW-(}U? — gf) @ = 0, (2.2) 
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and, of course, G(y,) = G(y.) = 0. Multiplication of (2.2) by the complex con- 
jugate G of G and integration over (y,, y) then leads to 


{oW(|@'|2+ k2|G|2]+ [A(pU’y [G|2+ folkU2-gAWIG/We=0. (2.3) 
(Here and subsequently | is used to denote the definite integral over (y,, ¥,.).) 
Xecalling that c; > 0, we see that the imaginary part of (2.3) implies 


[ol|@’ |? + £2 |@|?] + [olg8 — U2] |G/W |? = 0. (2.4) 


This is clearly impossible if gf —}U’? is non-negative throughout, so that a 
necessary condition for instability is that gf —14U’? be somewhere negative, or, 
as Miles expressed it, a sufficient condition for stability is that gf — }1U’? should 
be everywhere non-negative. If the local Richardson number J(y) = gf/U’? is 
to be well defined everywhere, it is necessary to be cautious about points at which 
U’ = 0, so that there is a minor difficulty in converting the dimensional stability 
condition gf —}U’? > 0 to the dimensionless one J(y) > } if U is not strictly 
monotonic. This is obviously a trivial difficulty, however; if one prefers the 
statement J > }, it is probably simplest to define J at points at which U’ = 0 to 
be its limiting value, +00 being allowed. 


3. The semicircle theorem 


Returning for a moment to the original equation (2.1), let us multiply it by 


F and integrate over (¥;, ¥2), as in the derivation of (2.3), to get 


[eW?[|F’ |? + 2 |F|*]— [92 |F |? = 0, (3.1) 

or, separating the real and imaginary parts, 
Jol(U —e,)?—eF] [| F’|? +k? |F|?] — [gob |F |? = 0, (3.2) 
2ic; [o(U —c,) [|F’|2 +k? |F|?] = 0. (3.3) 


Equation (3.3) gives the result that c, must lie in the range of U if c; > 0, which 
goes back to Synge (1933) and has been given under various conditions by several 
other writers (references are given in I). However, it seems that rather more 
can be said. Let Q@=[|F’|?+%*|F|?]. Then, under the assumption c, > 0, 
(3.2) and (3.3) can be written 





[UQ =<, {Q, (3.4) 
[U2Q = (2 +e?) (Q+ [gph |F|?. (3.5) 
Suppose now that a < U(y) < b. Then 
0 > [(U—a)(U—b)Q = [U*Q—(a+b) [UQ+ab [Q 
= [2+ c2—(a+b)c,+ab] [Q+ [gph |F |? 
= {[c,—3(a +b)? + c3 — [3(a —b) 9} (Q + [gp 8 |Fl?. 
Since £ > 0 and Q > 0, this implies 


[c,—4(a+6)}? +c} < [$(a—5))*. (3.6) 


Thus, the complex wave velocity ¢ for any unstable mode must lie inside the semi- 
circle in the upper half-plane which has the range of U for diameter. 
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I have not been able to find that this rather striking extension of the familiar 
statement ‘c, must lie in the range of U for an unstable wave’ has been pointed 
out before, although it is slightly reminiscent of some results of Synge; unfor- 
tunately he started with a different integral relation, which does not give so 
simple a result. 


4. The growth rate 


Miles’s theorem and the semicircle theorem limit the values of the Richardson 
number and the complex wave velocity which are accessible to unstable modes. 
It is of interest to have a similar bound on the growth rate kc; possible for an 
unstable wave. A very simple bound of this type can be obtained from (2.4), by 
observing that |W|-® < c;7?. Thus (2.4) gives 


k? |p |@|* = {o[tU'*— gp) |G/W|?— [o |G" * 


1 yr 4 Y|92 
< <gmax[}U"— gf] |p |G/?, 


v 


and so kc? < max [1U’2—g/]. (4.1) 


This estimate is not usually sharp—for example, the Couette flow, with U’ 
constant, is known to be neutrally stable—but in most cases it will probably 
give the correct order of magnitude of the maximum growth rate. It is sufficient 
to show that c; must approach zero as the wavelength decreases to zero, given 
the boundedness of U’; but there is a likelihood that in fact ke; > 0 as k > oo, and 
with sufficient assumptions the still stronger statement that all waves shorter 
than some critical wavelength are stable is probably true, as illustrated by the 
examples of Drazin and Holmboe cited in I. 


5. Connexion with Rayleigh’s theorem 


The proofs of Miles’s theorem and the semicircle theorem given above are very 
similar to the ordinary proof of Rayleig')’s theorem on the necessity of an in- 
flection point for instability in homogeneous parallel inviscid flow. Synge (1933) 
gave a generalization of Rayleigh’s theorem for the case of stratified flow. Al! 
three results can be obtained in a unified way as follows. 

Assuming c; > 0, let F = W-"H, some definite branch being selected if n is 
not an integer. Substituting this in (2.1), one obtains 

[pW20-”) H’)' —[k2p W24-” + n W1-22(pU'Y’ 
+pW-2.(n(1—n) U"?—gf)|H = 0. (5.1) 
Multiplication of this by H and integration over (y,, ys) gives the integral relation 
[oW20—» [| H’|2 +k |H|2]+ nf W12(pU’)' ||? 
+ [pW-*[n(1 —n) U2 gf) |H|? = 0. (5.2) 

Taking n = 0 in (5.2) leads to the semicircle theorem, n = } gives Miles’s 
theorem, and n = | gives Synge’s generalization of Rayleigh’s theorem, which 
states that a necessary condition for instability is that (9U’)’ — 2hgp |W|-* (U —c,) 
should change sign in (¥,, 2). 
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Finally, it should be mentioned that if the rigid upper boundary (y = y,) of 
the fluid is replaced by a free surface at zero pressure, the boundary condition 
H(y,) = 0 for (5.1) is replaced by H’ = [phW-1U'+gW~-*]H at y = yo. Equation 
(5.2) then becomes 


[oW22-»[ | H’ |? +k? |H|?] + [W1-2"(pU'Y’ |H|? 
+ le W-2"(n(1—n) —gf]|H|?—[p(nW1-2"U' + gW-*”) |H|?},_,, = 0. (5.3) 


From this equation one can, however, derive Miles’s theorem (n = 4) and the 
semicircle theorem (n = 0) by very slight modifications of the arguments given 
above. The generalization of Rayleigh’s theorem does not go through. That this 
is to be expected is shown by the example p = const., U = 0 for y < 0, U =y 
for 0 < y < 1, g = 0, in which the flow is stable if the upper surface (y = 1) is 
rigid, but unstable if it is free. 
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The general equations of motion are developed for a compressible, inviscid flow 
in which a non-uniform distribution of heat transfer is applied to the fluid or a 
non-uniform generation of heat per unit volume occurs. In general, vorticity 
can be created if the cross-products of the temperature and entropy gradients 
are finite. If the temperature gradients in the flow are small (first-order), then 
a non-uniform heat addition across the stream will produce a second-order 
change in vorticity. For this type of flow, solutions are obtained for the varia- 
tions of velocity and density that occur in a two-dimensional plane flow and an 
axially symmetric three-dimensionai flow. A simple expression is also obtained 
for the streamline displacement caused by the non-uniform addition of heat. 





1. Introduction 

The coupling that exists between velocity, vorticity and gradients of stagnation 
enthalpy and entropy is well known. Tsien (1958) and Vazsonyi (1945) have 
reviewed the equations of motion for gas flows in which temperature and entropy 
gradients are present. The work described in this paper deals with the flow which 
is produced when a non-uniform distribution of heat transfer is applied to a 
gaseous stream or a non-uniform generation of heat per unit volume occurs. 
In practice such flows may take place in heat exchangers and nuclear reactors 
when a local hot spot develops, or in the flow through a flame front in which 
energy is released non-uniformly across the stream. 

The general equations of motion for an inviscid, compressible fluid with 
vanishing thermal conductivity are first developed, a term allowing for the heat 
addition being included in the energy equation. The equations for a two-dimen- 
sional diabatic flow are next considered, and the equations for the velocity, 
vorticity and density perturbations are obtained. For the special case in which 
the temperature gradients are small, two analytical methods of solution and one 
numerical method are given for subsonic flows. A simple example is given to 
illustrate two of these methods and to allow a comparison to be made between 
the two solutions. A brief discussion of an axially symmetric diabatic gas flow 
then follows, and an example of such a flow is given. 


2. The general equations of motion for a diabatic gas flow 
The momentum equation for an inviscid flow is 
eq 
Ct’ 
33 Fluid Mech. 10 


] 
eee (1) 
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where p is the pressure, p the density and q the velocity vector. Alternatively, 
using the identit 
7 i V(3a2) = (a-V)a+axw, 


where w = V x q is the vorticity, equation (1) may be written as 


Vp+V(3a") = 4x w (2) 
for a steady flow. 
The stagnation enthalpy h, is defined in terms of the enthalpy / and the 
velocity magnitude q by the equation 
hy = h+4¢’, (3) 
so that Vhy = Vh+V(4q"). (4) 
From the Gibbs equation relating the properties of the fluid, 


Ve = Vh—"Vp, (5) 
Crocco’s equations is obtained as 
Vh,-TVs = qxw, (6) 


where 7’ is the temperature and s the entropy of the fluid. 
If the heat addition to the fluid is Q per unit volume per unit time, then the 
steady-flow energy equation is 


Q = V.(pqhy). (7) 
Since the flow is steady, the equation of continuity is 
V.(pq) = 0, (8) 
so that (7) may be expressed as __ 
By taking the curl of (6), an equation corresponding to the Helmholtz equation 
piieeecaauaas VT x Vs = (q.V)w—(w.V)q+w(V.q). (10) 


For barotropic flows (e.g. isentropic or isothermal flows), V7' x Vs is zero, which 
is apparent from taking the curl of (5). The usual form of the Helmholtz equation 
for a barotropic flow then follows from (10). 

If the fluid is a perfect gas with p = RpT and c,, the specific heat at constant 
pressure, a constant, then the steady-flow energy equation is 


2 
f= 9.0(7+2). (11) 


Ply m 


From equations (1) and (8), the first term on the right-hand side of (11) is 


q _ 
Ye 
= q-4.(a.V)q (12) 








For 


whit 





2) 
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Using the identity given above (2) along with (12), equation (11) may be written 
as k-1\Q q 

dite a a .(q.V)q, 13) 
where k is the ratio of the specific heats of the gas. This equation has proved to 
be the most useful form of the steady-flow energy equation for the purpose of 
this paper. 


3. Two-dimensional flows with heat addition 

When a perfect gas flows along a parallel-sided duct, the presence of a non- 
uniform addition of heat can produce a region in which the streamlines are not 
parallel to the walls of the duct. By using a perturbation method for a heat 
addition with only a small degree of non-uniformity, it is possible to demon- 
strate some of the characteristics of this type of flow. As shown in figure 1, the 
z-axis is taken along the duct wall, the y-axis lies across the duct and there is no 
flow normal to the (x, y)-plane. The addition of heat is non-uniformly distributed 
along and across the duct. 

SE AE EON a EE ee 


Heated region 
aa r 
Direction ioe 
of flow 


TEP LET y, Fis 7 ss, y, ig PF ee ab 


Fieure 1. Two-dimensional diabatic gas flow. 


























In a two-dimensional flow where u and v are the x- and y-components of 
velocity respectively, and 7 is the only component of vorticity, in a direction 
normal to the (x, y)-plane, the equations of momentum, continuity and energy 





are 1 dp Ou ou 
—-— =ux~+v~, (14) 
pox Cx = Oy 
Fh A (15) 
pcy Ox oy 
0 : (pu) + : ( 16 
=> IU — d 
da oy pr) me 
\ k |p kRT | cx kRT\ cy kRT \oy cx 


For this two-dimensional flow, equation ( 
oTds oT és a 
0s 


, 
dx By Gy dx ae NN) + Gy OM» ”) 


10) becomes 


which shows the possibility of producing changes in vorticity by the presence of 
temperature xnd entropy gradients. 

It is assumed that the Mach number of the flow is less than unity, and that far 
upstream of the region of heat addition the gas has a uniform velocity U along 
the duct and a Mach number M. The properties of the gas far upstream are also 


33-2 
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assumed to be uniform across the duct and are used to make the above equations 
non-dimensional by writing 
fot, g=, #= Uuw', v= Ov", 
U 4 


1=> 7, p= Pp’, p=Dp, T=Te, | (19) 


k-1 s UP Prt 8 | 
(=) Q= p Fe Y); 


7] 


where P, 7 and D are the pressure, temperature and density far upstream and 
b is the width of the duct. The non-dimensional forms of equations (14) to (17) 


are then ie ce is 
ace ee ba} ts ol (20) 
pox On Oy 
12 =. 
—-+ = kh ‘|us: aI (21) 
p oy On (O4 
0 = = (pu) += (pe) (22) 


where, for convenience, the primes have been omitted. 

If the heat addition function F(x, y) can be expressed as 

F(x, y) = Fy(x) + f(x,y), (24) 

where ¢ < 1 and F(x) and f(x,y) are of the same order of magnitude, then a 
perturbation method may be applied to the problem. The function F(z) repre- 
sents a heat addition which can vary along the duct, but is uniform across the 
duct. The second term, ef(x,y), indicates the presence of a small non-uniform 
heat addition which can vary both along and across the duct. It is this non- 
uniform heat addition that produces the displacement of the streamlines and 
the creation of vorticity. 

It is assumed that the variables wu, v, 7, p, p and @ are analytic in € and may be 
expressed as power series in €, the general form being 


U = Up teu, + E*Uy+...,) 


9 >2. 
v = €V, + E2054... 
ete. 1 2 : 


If equations (24) and (25) are substituted in equations (20) to (23), then. 
equating the zero powers of e, we get 





ee 

Po 0x C 

1o 

Po &Y . 1 (26) 

O a 
a, (Poo) 

1 — Ue] ou 
— F(x) =|1—- M22 2 
Po wad 3 | ex 











ions 


(19) 


and 
(17) 


(20) 


en. 
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These are the equations for a one-dimensional Rayleigh-line process, the addition 
of heat to a one-dimensional steady flow. The solution is well known; the velocity 
and gas state vary along the duct, but there is no variation across the flow. 

By equating the first powers of € in equations (20) to (23), the equations 
relating the first-order perturbations in velocity, pressure, density and tem- 
perature are obtained: 


a | OM) 27 
Pe here kM 3 ++ 4, - < (27) 
_ 1 _ pny, (28) 
Po OY ° Oar’ 
0 0 
O= ay, MoP1 t+ Us Po “a 4); (29) 
f(@,y) Dy Uz] OU, dug [2ugu, 9, U5 
— eho] 1 pao) Moth _ iM) (30 
Do “ae atom A mt Ml dx| 0, 6; om 


The solution of these equations gives the perturbations of velocity and gas state 
which are superposed on the one-dimensional Rayleigh-line process. 

If p, and p, are eliminated from the momentum and continuity equations 
((27) to (29)), then an equation connecting the two perturbation velocities is 








obtained: a 1 (ey, uy a2 : a 
a |du,/dx\ dx dxdy oy? 
Introducing the vorticity and the uniform heat addition, this equation may 
be written as aT * u2\ an.) ov 
aoe Pee 0 SO ht oe BS, 32 
“0 ox LP ( O,) ex} ey? aa 


A further equation relating the two perturbation velocities may be derived 
by using the equation of state for the gas to eliminate 0, from (30), and then 
differentiating with respect to y to obtain 





af 2 Uo AUy[, Ov,  Ouy] 07a, 77, up 00, 
paees(.. 3 ike emai Peg 3 aac aks I 2. = 96 
Po Cy (ey) +i 0, dx 7 ie oy dady * oy? . Ay Ca? ai 


The two velocities u, and v, are therefore determined by (31) and (33), along with 
the appropriate boundary conditions. 

Two of the boundary conditions are those imposed by the duct walls, namely 
v= 0ony = Oandy = 1. It then follows from (32) that in the presence of a heat 
addition for which Fj(2) is not zero, the vorticity perturbation 7, can only be zero 
if the transverse velocity v, is also zero throughout the flow. This is the case of 
the one-dimensional Rayleigh-line process where the flow remains parallel to 
the walls of the duct and ef(x,y) = 0. When F(x) = 0 and only the small non- 
uniform heat addition is present, the change of vorticity may be shown to be a 
second- or higher-order perturbation. This case is examined in more detail in 
the remainder of this paper. In general, if neither Fj(x) nor ef(x, y) are zero, 
then there will be a first-order perturbation in vorticity. 
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4. Two-dimensional flows with F,(x) = 0 

No solution has yet been obtained for the general case when both F,(x) and 
ef(x,y) are present. However, it is possible to observe some of the features of 
two-dimensional diabatic gas flows by considering the special case of Fj(x) = 0. 
The heat addition then consists of the small non-uniform heat addition alone 
and the temperature gradients are therefore small. For this type of heat addition, 
a general solution for the first-order velocity perturbations has been derived 
in the form of an integral, and for a particular distribution of heat addition both 
a Fourier series solution and a numetical solution have also been obtained. 

In the absence of the uniform heat addition (x), the solution of equations (26) 
for the one-dimensional Rayleigh-line process is that 2, 9, Pg and @, are each 
constant and equal to unity, their value far upstream. The Mach number of the 
flow is therefore constant and equal to M, the value far upstream. The first- 
order perturbations of velocity, pressure and density are then given by 


a = pe, (34) 
Ps ves as 
0 ov 
0=— —! 
ae (uy +p) + ay’ (36 
f(e,y) = [1-2 my, (37) 
which correspond to (27) to (30) of the general analysis. 
The elimination of p, between (34) and (35) gives 
=i, (38) 


Cx 
and since the flow far upstream is uniform, the first-order vorticity perturbation 
is zero throughout the entire flow. It is therefore possible to define a perturbation 
velocity potential 4(x, y) such that 


s a 
U;, = = v,= — (39) 
Ox oy 
Equation (37) may then be written as 
pe 84 = fle). (40) 


If the heat addition is confined to a a length of the duct, say x = 0 to 
x = ain the non-dimensional system, then the boundary conditions for (40) are 


(4) 

—_ = = 0 y d = r. 

By 0 on y and ¥ , 

0g 0d (41) 


=->0, ~-0 as r>-O, 
oy 


d 





a 
C 


fat | | fe.nayae as x—> +0, 








fre 


alt 


The 
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where a? = 1/(1— M2). The second pair of conditions are necessary to leave the 
flow far upstream unperturbed and the final boundary condition is obtained 
from the other conditions by applying Green’s Theorem to (40). 


Integral solution 


The solution of (40) for a unit heat source situated at the point (7p, yo) is the 
Green function G(x,y; %,Yo), for the problem. It can be shown that the 
perturbation velocity potential may then be expressed as 


api 
P(x, y) = | | F (Xo; Yo) H(aos Yos X,Y) dy ydaty + C. (42) 
0 J0 
where C is a constant. 
The Green function satisfies the equation 


— 0G OG 
[1—M?] Ga + By? = 0(%— 2%) d(y — Yo). (43) 
and has the boundary conditions 

0G 
<—=0 on y=0 and y= 1, 
cy 
0G 0G 
a > 0, — >0 as x—>-©0,) (44) 
0x oy 

0G . 

~——>a* as 4>+00. 

Ox 





The solution can be obtained by the method of images and takes the form 
G(X. Yo; 2, Y) = ro log {4[cosh 77a(x — a9) — cos 7(y — Yo) ] 


x [cosh 77a(x — 2) — cos 7(y + Yo) }} + 02(a~@+2%)+ const. (45) 

If this expression is substituted in (42), then the two perturbation velocities 

u, and v, may be obtained by forming the gradient of ¢(z,y). In practice this 

method is difficult to apply and an approximate solution is more suitable for 
estimating the flow pattern. 


Fourier series solution 
A solution for the perturbation velocity potential has been derived for the case 
when the heat addition function is given by f(x,y) = y. A numerical solution 
has also been obtained for the transverse velocity v, that is produced by this 
form of heat addition, and this may be compared with the value which is given 
by the Fourier series solution. 
The equation governing the flow outside of the heated region is 


{1 — M2 - Pie —_ 0, (46) 
and, within the region of heat addition, 


_ aan 92 
[1 —i1?] = m = — (47) 


° 
2 
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In order tu provide the necessary boundary conditions for these two equations, 
it is assumed that at the two boundaries of the heated region, x = 0 and x = a, 
there is no discontinuity in the gradient of the perturbation velocity potential. 
The physical interpretation of this requirement is that the two perturbation 
velocities, uw, and v,, are continuous throughout the flow. 

If m = 2n—1, then the solution of (46) and (47) is that, upstream, 


ve emnar 
$(z,y) == X — [l-—e-™"**] cos (my), (48° 
=. mM 


in the heated region, 


azn? y2(2y—3 2 2 e~mmar 4 emma(x—a) 
d(x, y) = — +4 - a —- —| cos (my), (49) 


m4 
and downstream, 


azax 9 2 e-MNaL 
h(x, y) = ——--—— MV ———[1-— e722] cos (mmy). 50 
P(x, y) 7 ee. wh [ ] cos (mzy) (50) 


The two velocities wu, and v, are then obtained by forming the gradient of ¢(2, y), 
and it is clear that since the coefficients of the Fourier series for these velocities 
decrease very rapidly, a good approximation can be obtained by considering 
only the first terms of the series. The solution also shows that the production of 
a transverse velocity v, is a local effect which does not extend far outside of the 
region of heat addition. 


Numerical solution 


The displacement of the streamlines is determined by the transverse velocity 
v, and to the first order in e, the direction of the flow is given by 


dy _ 6Vy _ 


ey 7 51 
dat 2 a 


When considering the characteristics of a diabatic flow, it is useful to know the 
streamline pattern and the numerical solution was chosen so that the transverse 
velocity would be calculated directly. 

The equation governing the velocity perturbation v, is obtained by differ- 
entiating (37) with respect to y and eliminating u,. With f(x, y) = y, this equation 
is 


07, dv, aia , 
;=1 within the heated region, 


022 Oy? 


and =z+> 3=0 elsewhere, 


where z = ax. The boundary conditions for these equations are 
v%,=0 on y=0 and y=1, 


and v%,>0 as 2>+0. 


Since the production of a transverse velocity is a local effect, the boundary 
conditions, as z tends towards infinity, are applied at finite distances upstream 
and downstream of the heated region which extends from z = 0 to z = 1. As in 
the Fourier series solution, it is assumed that the perturbation velocity v, is 
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continuous throughout the region of flow. The mesh size for the difference 
equation was chosen as / = {, and the boundary conditions were taken as 

v%,=0 on y=Oand y=1, on z=—2-416, andon z=3-416. (52) 


If W?,; is the nth approximation to v,(i/, jl), then within the heated region the 
iterative process for solving the difference equation for 7, is 


Writ — W? +3(We  tW Fat Wee} bt) peur 4W? ,—ds), (53) 


and, outside the el region, 





Wrst = WE th Woe pt Wea t Wet We 42) (54) 
z y WwW UF 
0-4167 0-0000 0:0000 0-0000 
0-4167 0:1667 — 0:0555 — 0:0555 
0-4167 0-3333 — 00871 — 0:0870 
0-4167 0-5000 — 0-0973 — 0-0971 
0-4167 0-6667 — 0:0871 — 0-0870 
0-4167 0-8333 — 00555 — 0-:0555 
0-4167 1-0000 0-0000 0-0000 


W, numerical solution for v,. vr, first term of the Fourier series solution. 


TABLE | 





These two equations, along with the boundary conditions given in (52), were 
solved with the aid of a digital computer, and table 1 shows that there is very 
close agreement between the values obtained by this method and the values 
obtained from the first term of the Fourier series solution for v, with aa = 1. 


5. Density perturbations with F,(x) = 0 

The non-uniform addition of heat to a perfect gas flow produces both an over- 
all change in the mean density and a density gradient across the duct. From 
equations (36) and (37), we have 


“Y 


Ps _ _ fe,y)— I, (55) 


Cx , Cx 

Since both p, and w, are zero far upstream, this equation may be integrated to give 
z — 

- -{ f(x, y)da— M?*u,. (56) 


If the heat addition is confined t« the region 0 < x < a, then, for x > a, 


i= -| f(a, y)da— Mu, 
0 


and the density perturbation far downstream is 


- [|r yde+cet® |" |” fee, yaya! ' (57) 
0 0/70 J 


This equation shows that the density gradient across the duct is not a local 
effect like the transverse velocity, but is a feature which is retained in the flow 
far downstream of the heated region. 
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6. Streamline displacement with F,(x) = 0 

The presence of a transverse velocity causes a displacement of the streamlines, 
and it has been shown that the flow direction is given by dy/dx = ev,. The 
streamline displacement Ay from far upstream to far downstream is then 


Ay = a v, dx, (58) 


where the integration is performed along the streamline. To the first order in e, 
this integration may be approximated by an integration parallel to the x-axis. 
Thus, introducing the perturbation velocity potential, we have 


* 00 , 
Ay = ef is dx. (59) 
This integral can be evaluated by applying Green’s theorem to (40) for the 
region bounded by the streamline and the duct wall. The streamline displace- 
ment can then be expressed as 


a a fl 
ay =e{{" |" Ae.nayde—v | "| sew) dyaet, (60) 
0 0 0/0 } 


The same result may also be obtained by considering the continuity of the fluid 
between the streamline and the duct wall and using the equation for the density 
perturbation. 

Equation (60) is very useful for visualizing the type of flow pattern that is 
produced by simple heat addition functions such as linear, sinusoidal and step 
distributions. For the linear distribution f(2, y) = y, the displacement is given by 

Ay = jeay(y— 1), (61) 
and when y = 0-5, Ay = — 0:125ea. The displacement can also be estimated from 
the numerical solution by.using a summation in place of the integration in (59). 
The value obtained by this method is Ay = —0-12495¢a for y = 0-5. The very 
close agreement between these two values and also between those given in table 1 


confirms the suitability of the mesh size and the location of the boundary con- 
ditions in the numerical solution. 


7. Three-dimensional diabatic gas flows with axial symmetry 

A similar analysis can be made for the non-uniform addition of heat to an 
axially symmetric perfect gas flow. The flow, as shown in figure 2, is assumed to 
take place in a circular duct and the velocity and gas state far upstream of the 
region of heat addition are assumed to be uniform across the duct. The non- 
dimensional heating function is expressed as 


F(x,r) = Fy(x) +ef(x,r), 


and the velocity and gas state are written in the form of perturbation series. 
It can then be shown that the first-order perturbation of vorticity can be zero 
only if Fj(x) or ef(x,r) is zero. This corresponds to the result which was deduced 
from (32) for the two-dimensional flow. 
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When Fj(x) = 0, the first-order vorticity perturbation is zero, and it is possible 
to define a perturbation velocity potential d(x, 7) such that 


od chelate og (62 


Uy = ae? ==, \ 2) 


where 7 is the non-dimensional radius and 1, is the radial velocity perturbation. 
The velocity potential d(x, r) then satisfies the equation 


— 0-6 06 ldd a 
oe y_(0, 1 Sy Ae op a ae ey See Ie 
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Figure 2. Three-dimensional diabatic gas flow with axial symmetry. 


which corresponds to (40) of the two-dimensional analysis. The boundary 
conditions for (63) are 
og 


—=0 on r=0 and r=l, 
or 


be > 0, a >0 
Cx or 


as xX—>—0, > (64) 





0d (cf? 
x > 20? rf(u,r)drdzx as x>+ 0, 
Cx | - 


where it is assumed that the heated region extends from x = 0 to x = a. 

For the parabolic distribution of heat addition defined by f(x, r) = r?, a solu- 
tion for ¢(z,r) has been obtained in terms of zero-order Bessel functions. The 
flow upstream of the heated region is given by 








© gkyax Iy(k r) 
=-2? — p—knaa n o 
ae: i? i 
within the heated region by 
_ a8 r2(r2— 2) Pm - em knaet 4. eknalr— a) Iy(kn r) a 
clear cain ea? | heme eee Ce 
and downstream by 
a*ax 2 ete I(k,7) 
= —— > —_ kyaa —ON'n "| 17 
P(x, 1) 5 em ia [l—e Vy.) ’ (67) 


where S(k,) = 0. (68) 
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As with the Fourier series solution, a good approximation may be obtained by 
taking only the first few terms of the series. 

The method for estimating the streamline displacement when F)(2) = 0 can 
be extended to the three-dimensional axially symmetric flow to give 


a fr al 
| rf (x, r)drde—r{ | rf (x, r)drde|. (69) 
0/70 


0/0 


fd 


Ar = e| 


For the particular form of heat addition considered above, the displacement is 
Ar = lear(r?—1), which has a maximum value of Ar = — 0-104ea when r = 0-577. 
The general form of this flow is as shown in figure 2. 


8. Discussion 


For compressible gas flows, vorticity can be created if the cross-products of 


the temperature and entropy gradients are finite. In particular, for the flow of 


a perfect gas in a parallel walled duct, it has been shown that except when the 
temperature gradients are small, a non-uniform heat addition will produce a 
change in vorticity. A similar result can also be obtained for a three-dimensional 
flow in a circular duct with axjal symmetry. In both cases it has been assumed 
that far upstream of the heated region, the velocity and gas state are uniform 
across the duct. 

The two solutions given in this paper are for the special case when the tem- 
perature gradients are small and the change in vorticity is then a second- or 
higher-order perturbation. The occurrence of a transverse velocity component 
may be explained in the following way. Although vorticity cannot be created, 
a density gradient can be produced by the non-uniform heat addition. The mass 
flow rate at a point (+ 00, y) far downstream of the heated region differs from that 
at the corresponding point (—0o, y) far upstream and the streamline displace- 
ment to effect this change requires a transverse velocity perturbation. 

It is thought that the study of a few simple cases of non-uniform heat addition, 
such as the examples given in this paper, may help to illustrate some of the main 
features of a diabatic flow. Although the two solutions given are for irrotational 
flows, they do show the presence of a local transverse velocity, an over-all 
density change, a density gradient across the duct which is retained far down- 
stream and a streamline displacement. A more general form of the heat addition 
function will show all of these characteristics together with a first-order vorticity 
perturbation. 


The authors are grateful to Dr Sheila Brenner of the Department of Applied 
Mathematics, Liverpool University, for her advice and discussions on the paper. 
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Note on the stability of plane parallel flows 


By D. H. MICHAEL 


Pierce Hall, Harvard Universityt 
(Received 1 July 1960) 


The subject of this note is the behaviour of three-dimensional small disturbances 
to plane parallel flows, which have a variation in the direction normal to the 
plane of mean flow, in relation.to two-dimensional disturbances which vary in 
the plane of mean flow only. It was pointed out by Squire (1933) that, in 
linearized theory, the disturbance which isneutrally stable at the critical Reynolds 
number &, is two-dimensional in form. More recently interest has turned to the 
question as to which kind of disturbance is most rapidly amplified at a given 
Reynolds number above the critical. Jungelaus (1957) pointed out that for 
certain values of R and of the resolved wavelength in the plane of mean flow. 
three-dimensional disturbances may be more unstable than plane ones. Recently, 
Watson (1960) has shown further that a two-dimensional disturbance is the one 
most rapidly amplified in a certain range of R starting from the critical. In this 
note we take a slightly different view of the problem which enables us to define 
specifically the upper end of this range of R, when it exists. 

It is clear that when a disturbance consists partly of Fourier components 
which are propagated obliquely to the plane of the mean motion, each such com- 
ponent interacts only with that component of the mean flow in the direction of 
propagation of the disturbance. We can illustrate this mathematically by 
choosing a frame of reference which makes a disturbance in any given direction 
two-dimensional, say a function of x and y, but not of z. In this frame of reference 
the mean flow will have a component in the z-direction. If we adopt this point of 
view and consider the disturbance to a plane parallel incompressible flow bounded 
by planes y = const., we can compute the linearized disturbance equations in 
which the mean velocities (U(y),O, W(y)) are disturbed to (U+u,v,W+w). 
and in which the small disturbance terms are independent of z, and vary with x 
and ¢ like e’-e), Tn the standard notation the linearized equations for the 
disturbance are 
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We see that equations (1), (2) and (4) are not coupled to (3), and with suitabie 
boundary conditions on uw and v they provide the characteristic value problem 
with U(y) the operative component of mean flow. W(y) is only used subsequently 
in (3), which, when v is established, is an inhomogeneous equation to solve for 
w with its independent boundary conditions. We may conclude that for a dis- 
turbance of wave number « propagated at an angle ¢ to the plane of a mean flow 
with Reynolds number R, the behaviour is that of a two-dimensional disturbance 
of wave-number « and reduced Reynolds number Rceos¢. If we know the 
characteristic curves of constant c;, where c = c,+ic,;, in the (a, &)-plane, for 
two-dimensional disturbances ofa given velocity profile, this enables us to deduce 
results simply for three-dimensional disturbances. 

It is important in comparing rates of amplification that we should have a 
correct measure of the amplification rate for different values of « and R. Results 
of stability calculations are usually given by a plot of curves of constant ¢;, in 
the («, R)-plane, after these quantities have been made dimensionless. The 
dimensionless time amplification exponent is ac;, but the physical exponent is 
(V/L) ac;, where V and L are the representative velocity and length employed, 
respectively. Normally we think of varying F for a given fluid by changing V 
with L fixed. In this case we have to take account of the variation of V in our 
comparisons by writing the time exponent (v/L?) (ac; R). With v the kinematic 
viscosity and L fixed, it is clear that a correct dimensionless measure of the time 
amplification is «c;R. If we were to keep V constant and vary L then the measure 
would be ac,/R, but for the purpose of comparing growth rates of two- and three- 
dimensional disturbances in a given apparatus the former case is the relevant 
one here. 

If we continue the discussion in terms of the curves ac; R = const. in the («, R)- 
plane (where « and c; are now regarded as dimensionless) the point to decide is 
whether ac; has a maximum as a function of « and R&; if it has, some of the 
curves form closed loops about the stationary point. If we assume this behaviour 
the curves will be of the form given in figure 1, with L the stationary point, at 
Reynolds number #,. (The stationary point L may be accompanied by another 
stationary point at a larger value of R depending on how a and c; behave as 
R- oo. Such a point will be a saddle point if R > co and «Rk > o forc; > € > 0.) 

If we construct an ordinate 1/M’ at the Reynolds number of the mean flow, 
the curve through a point of this line, for given a, describes the amplification of 
a two-dimensional disturbance of that wave-number. All points in the semi- 
infinite rectangle 1/’MOx can be reached by three-dimensional disturbances. 
Whether a two- or three-dimensional disturbance grows fastest will depend on 
whether all characteristic (xc; R)-lines in the rectangle cut MM’. There will be 
two distinct cases depending on whether the Reynolds number of the mean flow 
is greater or less than R,. If the ordinate is MM, say, then the disturbance of 
most rapid growth is a plane one at the wave-number at which 1, is a tangent 
to a characteristic (ac; R)-curve. The amplification associated with this curve is 
greater than at all points inside the rectangle. Hence for R, < R < R, a plane 
disturbance is amplified fastest. On the other hand, if we have the ordinate 
M,Myj, there will be a family of closed characteristic curves enclosing L which 
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do not intersect M,M) and which provide a higher growth rate than at any point 
of the line M,M3. Hence for R > R, a three-dimensional disturbance grows 
fastest. It may be noted that whereas the maximum amplification rate increases 
monotonically with & from R, to R;, it is constant thereafter, for R > R,, at 
least up to the next stationary point. In cases where ac, R does not have a maxi- 
mum point L we shall know that two-dimensional disturbances will always 
grow fastest. 

Following Watson, we have considered the particular case of plane Poiseuille 
flow in more detail on the basis of the c;-curves given by Shen (1954; see also 
Lin 1955, chap. 3). Figure 2 gives a set of curves ac;R = const. obtained by inter- 
polation from Shen’s curves (the other details of the figure are explained below). 
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Fictur® 1. Sketch of curves ac; PR = const. 


The form of these curves suggests that there is no stationary point L in the 
range of the Reynolds number covered by the curves, i.e. up to approximately 
10°. This conclusion is in agreement with Watson’s conjecture that two-dimen- 
sional disturbances grow most rapidly at all values of R. 

If we consider Jungclaus’s problem in which the resolved component of the 
wave-number in the plane of mean flow is fixed, the class of disturbance is more 
restricted. If the resolved wave-number is denoted by /, then the values of « 
and FR for the equivalent plane disturbance are /sec ¢ and FR cos ¢ respectively. 
Hence in the (a, 2)-plane of figure 1, the locus of three-dimensional disturbances 
is a branch of a rectangular hyperbola for each pair of values of # and R. In this 
case, since «fF is constant, we can compare amplification rates for different points 
on any particular hyperbola from the c,-curves directly, but if we wish to com- 
pare points on different hyperbolas the (xc; 2)-curves should be used. 

Figure 2 also shows a set of curves xR = const. superposed on the (ac; R)- 
curves for plane Poiseuille flow. 
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The line of interest here is PQ, which is the locus of points at which the (aR)- 
curves are tangential to the (ac;R)-curves. If PS is the («R)-curve which is 
tangential to the marginal stability curve P7’, on which ac;R = 0, then it is 
clear that for values of # and R chosen in this plane between PQ and PS there are 
three-dimensional disturbances which are more rapidly amplified than two- 
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FiGurE 2. Curves ac,;R = const. and ~R=const. (e.g. the curve PS) for plane 
i g 
Poiseuille flow. 


dimensional ones. We also note finally that for values of # and # taken between 
PS and PT, the plane disturbance, and three-dimensional ones up to a certain 
value of ¢, are stable. 
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The changes in amplitude of short gravity waves 
on steady non-uniform currents 
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AND R. W. STEWART 


University of British Columbia, Vancouver 
(Received 9 November 1960) 


The common assumption that the energy of waves on a non-uniform current U 
is propagated with a velocity (U+c,) where c, is the group-velocity, and that 
no further interaction takes place, is shown in this paper to be incorrect. In 
fact the current does additional work on the waves at a rate y,;S;; where y,; is 
the symmetric rate-of-strain tensor associated with the current, and S;; is the 
radiation stress tensor introduced earlier (Longuet-Higgins & Stewart 1960). 

In the present paper we first obtain an asymptotic solution for the combined 
velocity potential in the simple case (1) when the non-uniform current U is in 
the direction of wave propagation and the horizontal variation of U is com- 
pensated by a vertical upwelling from below. The change in wave amplitude is 
shown to be such as would be found by inclusion of the radiation stress term. 

In a second example (2) the current on the z-axis is assumed to be as in (1), 
but thehorizontai variation in U is comp2nsated by a small horizontal inflow from 
the sides. It is found that in that case the wave amplitude is also affected by 
the horizontal advection of wave energy from the sides. 

From cases (1) and (2) the general law of interaction between short waves and 
non-uniform currents is inferred. This is then applied to a third example (3) when 
waves encounter a current with vertical axis of shear, at an oblique angle. The 
change in wave amplitude is shown to differ somewhat from the previously 
accepted value. 

The conclusion that non-linear interactions affect the amplification of the 
waves has some bearing on the theoretical efficiency of hydraulic and pneumatic 
breakwaters. 





1. Introduction 


When short surface waves of any kind are propagated over the surface of a 
medium in steady but non-uniform motion, they tend to undergo refractive 
changes in length, direction and amplitude. The changes in length and direction 
depend on kinematical considerations only; a quite general treatment applicable 
to water waves has been given, for example, by Ursell (1960). But changes in 
the wave amplitude are less straightforward. Commonly (see Unna 1942; 
Suthons 1945; Johnson 1947; Evans 1955; Groen & Dorrestein 1958) it has been 

34 Fluid Mech. 10 
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assumed without justification that no coupling between the waves and current 
takes place, and that the wave energy is simply propagated with a velocity equal 
to (U+c,), where c, is the vector group-velocity and U the local stream velocity. 
On the contrary, in a recent paper (Longuet-Higgins & Stewart 1960; this paper 
will be referred to as I), it was found that short gravity waves, riding on the backs 
of longer waves, are modified to a much greater extent than would be predicted 
if there were no interchange of energy between the short and the long waves. 
The discrepancy may be attributed to a term in the equation of energy transfer, 
called by us the radiation stress, and previously overlooked. The stress term occurs 
quite generally, and must give rise to changes in the wave amplitude in other 
situations besides the particular one that was considered. 

The purpose of the present paper is to study the changes in amplitude of gravity 
waves riding on steady but non-uniform currents. The subject is of special in- 
terest owing to its possible application to bubble-breakwaters, whose action is 
probably to be ascribed largely to the stopping power of a horizontal current 
opposing the waves (Taylor 1955; Evans 1955; Straub, Bowers & Tarrapore 
1959). Ocean waves entering tidal streams or crossing river flows are known to 
be subject to a similar effect (Unna 1942; Johnson 1947). The following discussion 
will be limited to the case of‘deep currents, that is to say, those for which the 
change in current velocity in a vertical distance equal to the wavelength is small 
compared with the wave velocity itself. But quite similar results would apply to 
waves on shearing currents which penetrated to a depth of only a fraction of a 
wavelength. 

In our first example we consider a system of waves superposed on a current 
which varies gradually in the x-direction (the direction of wave propagation), 
and in which the variation in surface current is made up by a vertical upwelling 
(or downwelling). The modification which the currents produce in the wave form 
is calculated rigorously by a perturbation method. It is found that, while the 
variation in the wave-number k is given by the expected formula 


lok 1 ov 
pen OR J 
k ex c+2U ox’ a 


the variation in the wave amplitude, on the other hand, is given by 


léa_ e+ 3U 8U — 
aox = (€ + 2U)? Gx’ ti 
which is a higher rate of change than if there were no interaction between waves 
and currents. It is shown that this last result is consistent with the assumption 
that the equation governing the growth of wave energy E is 

é oU 


~-[E \]j+S8,— = . 
a, LE (cg + U)]+8, aa 0, (1.3) 


where S, is the radiation stress mentioned earlier. (In deep water, S, = 3£.) 
This is to say that in addition to the transport of energy by the group-velocity 
and stream velocity, the current does work on the waves at a rate S,0U /dx per 
unit distance. In § 4, this conclusion is shown also to be consistent with our earlier 
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results in I concerning the steepening of surface waves on long waves or tidal 
streams. Integration of (1.3) leads to the result 


ac [e(e+2U)}2. (1.4) 


In our second example we consider a situation very similar to the first, but in 
which the increase in surface current U is made up, not by a vertical upwelling 
from below, but by a horizontal inflow from the sides. The results are strikingly 
different. Although the variation in wave-number is the same as in (1.1), the 
variation in amplitude is now given by 


lca c+U o0U 


Mi Se —— Tha Ae 1.5 
a Cx (c+2U)? ca on) 


This is accounted for by including in the energy balance the advection of wave 
energy by the transverse current V, as well as the work done against the corre- 
sponding stress component (equation (6.4)). The amplitude a is now found 
to be ris 
acc [(¢c+2U)/c}-3, (1.6) 

which is a weaker variation than in the previous case. 
The appropriate generalization of the equation of energy balance is shown to be 


aU. ou. 
V [Ble + U)] +38 (5o+ 5) = (1.7) 
y) i 


where S;; denotes the radiation stress tensor. In §8 this is applied to a third 
example, that of waves crossing a shearing current obliquely. The changes in 
wavelength and direction of propagation 6 are as found by Johnson (1947), but 
the law governing the wave amplitude is shown to be 

a oc (sin 20)-3, (1.8) 


which differs from Johnson’s result. 


2. Two-dimensional current: an asymptotic solution 


In this section we shall obtain a formal solution for surface waves on a non- 
uniform current U(x) which has no transverse component. The solution is to be 
valid when au 

oi <1, (2.1) 
Cx 


where o is the wave frequency; in other words, the change in stream velocity U 
over one wavelength L (that is, LCU/é2) is assumed small compared with the 
wave velocity Lo/2z. 

General equations 
It will be supposed that the velocity field u is irrotational: 


u = V¢; (2.2) 
that the fluid is incompressible: 


V.u = V4 = 0; (2.3) 
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and that viscous effects are negligible. Then we have Bernoulli’s integral 


p ae 
a 5u° =—_- = : oe 
rs +a C (2.4) 
where p, p, g denote the pressure, density and acceleration of gravity, and z is 
the vertical co-ordinate, directed upwards. Cis a constant. Ifz = Cis the equation 
of the free surface, then for the two boundary conditions there are the kinematical 


condition ac (2 06 adat - 5) = 
a= 


ot \éx dx * Oy cy 


Cx 0x Oy Cy Oz 7a 


and the condition of constant pressure, which by (2-4) may be written 


14,2 og ae 26 
t+ (Ju oe C. (2.6) 


It is convenient to replace these last two equations by conditions to be satisfied 
at the mean surface level z = 0; this may be done by assuming *he potential ¢ 
to be analytic and by expanding in a Taylor series in z: 


ag (262 = +efe (EE 09 0 | t=O] 


Ox Ox Cy Cy 
Bee Bis. cata fa ok 
s+ (Ju +B) sels (tu Fy] + i. | 


Lastly, we assume that the waves are effectively in deep water, so that as z > — 
the periodic part of the motion tends to zero. 


ot dz\da da ' Oy dy ez 


rh 
C4 


Form of the solution 


We seek a solution having the character of a time-periodic wave-motion super- 
imposed upon a non-uniform steady flow. Let us then substitute 


Pp = Uyx + (adby9 + PGo1) + (%7 hoy + HPP + 7G oe) + i. 
C= (AL 19 + Alor) + (Cog + HBC + BEoa) +--+ 


where U, is a steady uniform velocity, the velocity of the stream at x = 0; dq, 
represents a steady non-uniform current, zero at x = 0; and ¢,, represents an 
undisturbed surface wave; a and f are arbitrary small parameters proportional 
to wave steepness and to the velocity gradient of the current respectively. The 
terms 27.9, etc., are correction terms of higher order, necessary in order to 
satisfy the boundary conditions at the free surface. We are particularly interested 
in evaluating the second-order term «/¢,,, which is the lowest-order interaction 
potential between the waves and the current. 

It may be worth remarking that to eliminate the uniform current U, by taking 
axes moving with velocity U) would not be convenient, since in the new frame of 
reference the motion would no longer be perfectly periodic in time. This is 
because the modified wavelength is generally a function of z, as will be seen below. 
Clearly the choice of axes must be made so as to correspond with the physical 
problem; if the source of the wave-motion is periodic this determines the appro- 
priate frame of reference uniquely. 


(2.8) 








to | 


If y 


whe 


the 


Inti 


and 


we | 


(To 
sign 





Short gravity waves on non-uniform currents 533 


Retaining terms as far only as af, we have from (2.8) 
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Ox Ox dy oy oz oz 
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= fie) — Ula 1 #10 01 
wea | et? (25 Gade *P fn) 
1 ¢ Substitution in (2.7) shows at once that 
C = 303. (2.11) 
The terms in « now give 
. 0 o O19 _ 
».7) (5+ Yoz,) So re = | 
, (2.12) 
7 ho+(3+Urz) bu = 0,| 
to be satisfied at z = 0. On eliminating ¢,), we have 
0 o\? é 
yer- 
If we choose for ¢,, the wave potential 
- 19 = A ekot-iat, (2.14) 
where A and k, are constants and 
bon gq =2+12, (2.15) 
an then ¢,9 satisfies Laplace’s equation (2.3), and from (2.13) 
nal : : 
The (a —Upko)? = gkp. (2.16) 
to Introducing the reference velocity 
oa Co = V(g/ko) (2.17) 
and the non-dimensional parameter 
ing y = Ui /e9 (2.18) 
: of we have from (2.16) o = Cok, (1+). (2.19) 
} 1S 
OW. (To ensure continuity as y (or U,) tends to zero, we have adopted the positive 
ical sign in the square root.) From (2.12) and (2.19), we have also 


TO- 3 ”) ‘ ‘ 
Oo = Alea Yom. “) $40] gs (P10)2-0- (2.20) 
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Returning to equation (2.7), we see that the terms in / give equations for ¢,, 
formally identical with (2.12) except that the time derivatives are now zero: 


y, = 2a _ Por _ q 


‘Ox k 
a3 - (z= 0), (2.21) 
r Por 
9601 + Uo oy = o| 
> OD 0G 
whence U3 +9 — =0 (z=0) (2.22) 
Ox Oz 


We require a potential 4), to represent a steady flow having no transverse com- 

yonent ¢Cd,,/Cy, which satisfies Laplace’s equation, and also the condition 
ol/™: 

(0% ;/CX),, 9 = 0. Such a potential is 


Qo. = Coko(x? —27) + Degz, (2.23) 
where PD is a constant to be determined. From (2.22), 
D = —2y?. (2.24) 
Therefore Pox “ Coky(x? — 27) — 27792.) (2.98) 
Cor = — 22; 
also = = -—- = 2Begky = 2fo(1+y)" (2.26) 


in accordance with (2.1), since # is assumed small. 


The interaction potential 


In equations sa the terms in «f yield 


j é 7 0 og at. P10 Cor 0% o1 C10 Oho, 0*b10 

G+ Magy) bagel + (Set 8 Se) — (Gao Gee +b ge’) =O | ocd 
0. 8\, (Abbe . C192 a sail 

guy + (5 +t va) Put ( “a = -_ “fat) =e énl'5 +U za) a 0, 


to be satisfied when z = 0. (Note that 076 5,/0t0z = 07d ,/0x0z = 0.) From these 
equations ¢,, may be eliminated by applying the operator g—1(0/ct + U)0/ex) to 
the second equation and then subtracting the first. Without substituting explicit 

‘pressions for $19, Po; Ci and Co, but using (2.12) and (2.21) and the fact that 
CQ49/CZ = ky dyo, we obtain* 


1/o 0 0g 
“(5 +x) Out og 


a 2( Zao a 4 SE ST abo $!) - ¢ OOo g=@). ¢ 


Oc Oz «Ox Os 
Now, after substitution from (2.20) and (2.25), the right-hand side of this equation 
einai [2iky(1 — 2y — 2y?) — 4h2 2] dio. (2.29) 


* In the calculation of ¢,, the complex form of ¢,) can be used, since on the right of 
(2.28) only products involving ¢,, and ¢9, occur, and @y, is real. 
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As a trial solution let us write 
Pr = (hyd +49") Pro; (2.30) 
where g = z+iz and k,, l, are constants to be determined. Then the left-hand 
side of (2.28), when z = 0, reduces to 


[(1 + 2y) i(k, + al} x) — 2ty7lt/ko] Pro- (2.31) 


On equating coefficients of ¢,) and x¢y,, in (2.29) and (2.31) we obtain 


(1+ 2y)? 
[2 © 7,2 1 
me (L+ 2y)" 


= 2 4ry3 - 
etl mi 7 
(2.32) 


The second of equations (2.27) also gives 
911 = [(yhy + 2y7ko) — ta (2h§ + 2y kj — 2ylf + koky) + kolZx*]eoPr. (2-33) 


This then is a formal solution of our problem. 


Interpretation 


Combining (2.33) with (2.20), we have 


ol yk a k, 
alrg t+ abhi, = alr I _ ia(™ 74 Qy+ Ha) - 2px 1 ~ y—iat _- zt)|. (2.34) 
‘0 
Correct to order /, this expression may be written 
alot HfC,, = at (<) exp i E - a +2y+h || 
Co ko 
x |1—2fhkgx{ 1+ Oe: +et)|. (2.35) 
ka ke 
Now this represents a wave of slowly varying amplitude and ineiliauitl The 
local wave-number k is given by the x-derivative of the exponent: 


k = ky—2fl?x. (2.36) 
The proportional rate of change of the wave-number at x = 0 is therefore 
9 A]2 
(; zh.* _ Ppl _ Akg (2.37) 
k 0x} 9 ko 1+2y ? 


by (2.32). From (2.19) this may be written 


Al, D) Ay 
(; g ‘) saing ee (2.38) 
z=0 


k ox). 1+ a Cx” 


The amplitude a of the wave is given by 


A\ | B k, : 
a= (=) f — 2pe( + a +3t)]: (2.39) 
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so that the proportional rate of increase is 


ae = — 2pk, _ vii SES ees 2437 2 
(; =) = 2Plio(1+ re Lest) = Bho Taye (2.40) 


by equation (2.32), or, from (2.26), 


(= ee Mikal 
7..." (1+2y)? cy oa 





(2.41) 


The mean surface level 


Equation (2.25) shows that there is a small change in the mean surface level 
silat Boy = —2Byx, (2.42) 


corresponding to a mean gradient — 2/y, as we should expect in a non-uniform 
flow. The additional terms a¢,, + «£¢,, give no change in the mean level. Therefore 
to order «f the mean surface level is unaffected; only at higher approximations 
is any change apparent. 


3. A physical discussion 


We have seen that the interaction between the waves and the current can be 
interpreted as a distortion of the waves, resulting in a change of wavelength and 
amplitude. In this section we shall try to interpret these changes on the basis of 
rough physical reasoning. 

As before, we denote by o the angular frequency of the waves (constant over 
the whole field of motion) and by a, k, U, c the local wave amplitude, wave- 
number, stream velocity, and wave velocity relative to the stream. Our object 
is to obtain a, k and c as functions of U and of their values ao, ko, Up, cy in some 
fixed plane x = 0. 


The change in wavelength 


Consider first the variation in wavelength. Now, the apparent velocity of the 
waves relative to a fixed plane x = constant is equal to (c+ U). The apparent 
angular frequency of the waves is therefore k(c+U). But by hypothesis this 
quantity is equal to o at all points, so that 


k(e+ U) =c7 =k,(eo> +X). (3.1) 
o k _ &§ + Uy 9\ 
Thus i.” eau ‘ (3.2) 


But the waves being in deep water we expect that their velocities c, cy relative 
to the current will be given by the classical formulae 


jt, @=gik,, (3.3) 


c= g| 
Combining (3.2) and (3.3), we have 
ce kk, ct+tU 1 (: -) 


= = eS 
Co 





ck Gy tUy 1+y\cy 
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where y = U,/c) as before. On differentiation with respect to x, we have 


2c dc E 3 (= oU (3.5) 
= S| ie 09.0 
cx =6l+ycy\er Ox 
and hence at x = 0, where c = Cp, 
oc 1 oU 
. (3.6) 


ee re 
Since by (3.4) & varies as c~*, we have (by logarithmic differentiation) 
lok 2 2 10U 


ia" sae “Tee i 





in agreement with (2.38). 
It will be seen that equation (3.4) is a quadratic in c/c, and has the solution 
D te oll sel 3. 
Co sien lt*,|[+ o% J = 
(see Unna (1942), for the case y = 0). In the square root, the positive sign has 
been taken to ensure continuity as x > 0. It is interesting to note that no solu- 
tion can exist when 


te at! ae (3.9) 
C9 
or So (3.10) 
4(1+y)’ , 


that is to say, when the stream velocity is in the opposite direction and exceeds 
in magnitude about one-quarter of the initial phase velocity of the waves. At 
the critical point, when the radical vanishes, equation (3-8) shows that 


Cc 1 
— = ———___, 3.11 
C 2(1+y) acne) 
U U 
and so So Re —}. (3.12) 
Cc Cyc " 


In other words the stream velocity becomes equal and opposite to the local 
group-velocity $c; the wave energy can no longer be propagated against the 
stream. We shall see below that the waves tend to break before this point is 
reached. From (3.8) we have also 


k_ c _ 2(1+/y)_ = : 
7 (<) 7 fe cece Uleo]} . (3.13) 


The changes in wave amplitude 


The change in wave amplitude is interesting, for it enables us to decide between 
various conflicting hypotheses. 

It was shown in I that if waves of amplitude a are propagated over a stream of 
uniform velocity U, the mean rate of energy transfer across a plane x = const. 
is given (to order a”) by 

R, = E(c,+ U)+8,U + $EU2/c + tphU?, (3.14) 
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where E denotes the wave energy per unit horizontal area: 

E = 4pqa"; (3.15) 
c, denotes the group-velocity of the waves; in ‘deep’ water. 
c, = 4c = folk; (3.16) 


h is the mean depth of the stream, and S, is defined by 
: Ze, 217 
5. = n( "-5). (3.17) 


The first term H(c, + U) on the right-hand side of (3.14) represents simply the 
transfer of wave energy by the group-velocity plus the stream velocity, and is 
to be expected. The last two terms may be written together as }phU'?, where 


U’ = U+E/pch (3.18) 


represents the mean stream velocity modified by the presence of the mass 
transport. The intermediate term S,U has been discussed in I. It represents 
a kind of coupling between the waves and the current. By analogy with the 
Reynolds stress, S,, has been called the ‘radiation stress’. 

Now, in the present problem of waves on a non-uniform stream, let us suppose 
that the transfer of total energy is given with sufficient accuracy by equation 
(3.14) and further that between the planes 2 = 0 and 2 = const. there is no 
reflexion of wave energy. It follows then that 


R, = R, = const. (3.19) 


and so — R,=0. (3.20) 


Equation (3.20) is merely an expression of the conservation of the energy, 
when dissipative mechanisms are ignored. However, it is possible to regard it 
as the sum of two equations, one representing the balance of wave energy and 
the other the balance of mean flow energy. 

For the exact form of this division, no unique answer is given by physical 
intuition. (At least owr initial intuition, as well as that of Unna (1942), Evans 
(1955), Suthons (1945), Groen & Dorrestein (1958) and Drent (1959) yielded 
results which sometimes differed from one another but which were all, it as 
appears, incorrect.) Now, however, we have an arbiter for conflicts of intuition, 
for the correct division of (3.20) must yield results consistent with § 2. 

The first five of the authors just named made the assumption that there was 
no interchange of energy between waves and current and thus obtained 


It is clear both from the results of I and from § 2 of the present paper that this 
assumption cannot be correct. 


[H(c,+ U)] = 0. (3.21) 
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One might then argue that all the terms dependent on # belong properly to 
the wave-energy equation, and write 


a. [Bea U)+8,U0 + 





3EU* _— 0 3 »)*») 
| =o (3.22) 


or, since the last term may be included with the mean flow, 


— — 
a, LE(e, + U) +8,U] = 0. (3.23) 
Each of these equations (3.21), (3.22) and (3.23) yields results in conflict with § 2. 

If, on the other hand, it is argued that the effect of the current variation on 
the wave energy is through the work done by the rate of strain against the 
radiation stress, then we have 


ATT 


ol 
L(¢ J S.— = 0. das 
[E(c, + U)] +8, 5. ) (3.24) 


in D] 


o>) 


e 
Thus, in deep water, 
‘ aU 


=, (B(de +U)]+}E— =0. (3.25) 


Ox 
Carrying out the differentiation at «= 0, where U = yc, and using equation 
(3.6), we have * 


cE 1 3] 0U 
=— [4e(1+ 2) E|- ~|—— = 0, 3.26 
ay Lacth + 2y)] + ser e35y 3 = = O, (3.26) 
] CE 4 6) 13 . 
whence ( sts : —e if le av : (3.27) 
E oz} <0 (1+2y)?¢ ox 


or, since E is proportional to a?, 


(i=) a Lait ve (3.28) 
0X} 2-0 (1+2y)*c ca 





in exact agreement with equation (2.41). 

It appears then that the correct assumption to make is equation (3.24), rather 
than the alternatives (3.21) to (3.23). We interpret this as follows: 

In a non-uniform current the energy of the waves may be regarded as being 
transported with the group-velocity plus stream velocity, provided in addition 
we suppose that the mean stream does work on the waves at a rate SoU /éx per 


unit distance, where S, is the radiation stress. Equation (3.24) is then the expres- 
sion of the energy balance for the waves. 


An integral for the wave amplitude 
An exact integral of equation (3.25) is 
E(4c+U)c = const., (3.29) 


for on differentiating the above and dividing by c, we have 


) 


fat 


) 
) 


— [E(4c+ U)]+ E(4e+ sed = 0, (3.30) 


~~ 
& | 
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which by (3.6) is equivalent to (3.25). From equation (3.29) we deduce 
E _ (Cot 2Uy) 




















E, c(e+2U) ° oy 
2 s 
and thence oa ColCot® “] (3.32) 
Ag c(c+2U) 
This law of amplification is illustrated by curve (1) of figure 1. At the critical 
point, where U = —}c, the amplification of the waves becomes theoretically 
infinite. In practice the waves may be expected +o break, but the present small- 
amplitude theory becomes inapplicable befor: «'\is point is reached. 
3-0 ——, 
20 | 
* 
2 aie 
1-0 Sl 
¥ ig cent ee 
Pe Serra hesmaiascedl 
+ ie 
| (1) ea 
| 
L_ 1 ik 1 4 1 1 m 1 1 1 1 1 1 4 [ee 4 1 1 
—0-25 0-0 0-25 0:5 0-75 10 
U/eo 


Ficure 1. The amplification factor a/ay for waves on a current U in the direction of wave 
propagation: (1) with vertical upwelling from below; (2) with horizontal inflow from the 
sides. [a and c, denote the values of a and c when U = 0.] 


We are indebted to a referee for pointing out that a result similar to (3.29) 
was derived in an unpublished report by Kreisel (c. 1944, pp. 23-24). Kreisel 
started from the energy integral 


Co 


a, a = const., 


and assumed that (in our notation) 
ob = Ux—ace**cos (kx —ot), 
€ = asin (kx —ot), 
where c? = gk = (o —kU)?. 
Substituting in the integral and treating U, c, a and k as constants during 
differentiation, one finds eventually 


goa*c(c + 2U) = const. 
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(higher powers of a being neglected). Since o is constant this agrees with (3.29), 
and indeed provides a physical explanation of that equation. The crux of 
Kreisel’s argument is the assumption that ¢¢/ct contains no constant terms pro- 
portional to a?. This is true for deep water, but not in water of finite depth. 

The rules for the variation of wave-number and wave amplitude expressed by 
(3.13) and (3.32) may be regarded as generalizations of the results found in § 2, 
the only additional assumptions being that k-10k/0x and a-1da/éx depend on 
the local values of U, c and 0U/éx and are linearly proportional to éU/éz. 

The analysis of § 2 is correct as far as the first power of £kyx only. In order to 
verify that (3.13) and (3.32) are correct to this order we write 


5 i: 





(3.33) 
Up 
U U 
so that —=l+e, —=y(l1+e). (3.34) 
Up C9 
Substituting in equations (3.13) and (3.32) and neglecting e¢? we find, after some 
reduction, hk: =n 2y : 
ky 1+2y” 
(3.35) 
@ _ ,_v2+3y) 
a = (1+2y)?”) 


of which (2.36) and (2.39) will be seen to be special cases. 


4. An application to tidal currents 

As an example of the application of the genera! formulae, and as an indepen- 
dent check, we apply the formulae to the case of surface waves on a tidal current, 
for which a solution was obtained independently in I. 

A short wave of mean amplitude a,, mean wave-number k, and frequency 7 
is assumed to be superposed upon a long (shallow-water) wave of amplitude as, 
wave-number k, and frequency o», travelling in the same direction as the first. 
The conditions of the problem are that 


(4.1) 
kh = p < 1,. 
where h is the mean depth of water; also 

eh <1, (4.2) 
This last assumption ensures that the short waves are effectively in deep water, 
0 that 0, = (gk,)*, 2 =(gh)Pky; kyh = (u/A)*. (4.3) 


In the case of tidal currents both A and uz may be of order 10-4 in a typical case, 
but the ratio “/A, = (k,h)!, need not be greater than about 2 in order for the 
condition (4.2) to be satisfied. 

Now let us reduce the long wave to a steady current U by superposing on the 
whole system a uniform stream —(gh)?. Choosing the origin of x at a node of the 
longer wave, we have 

Ag 


U = —(gh)t (1 ~—Z sin ky) +O(a?). (4.4) 
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At x = 0 the stream velocity and the velocity of the short waves are given by 


Uy = —(gh)ts eg = (g/ky)?. (4.5) 
‘ia Ui t ‘ 
Thus, y= z = —(k,h)} = -*. (4.6) 
oe U-%. Mm. , . 
Also é=— cs sin kya. (4.7) 


On substitution in (3.35), we find 


k i- 2h a, 


- a | “Oa I sin kyx, | 

a (2A—3u) wa ail 
<a oe sink 

dy , (A—2n)? h = bax, 


in agreement with equations (2.56) and (2.57) of I.* When j/A is sufficiently 


large, then k es 
—=1+4-—‘sink,2, 





fo . (4.9) 
- =1+ : “sin tye 


5. Waves on a converging current: no upwelling 


In the last three sections we have been concerned with an entirely two-dimen- 
sional motion in which the transverse component of the mean current was zero; 
the increase in the stream velocity with horizontal distance was made up by a 
compensating current upwelling from below. We now study a somewhat dif- 
ferent situation in which the vertical component of current vanishes and the 
increase in the horizontal x-component U is compensated entirely by a horizontal 
in-flow V from the sides: aU aV 

banal Mpa (5.1) 
Ox «Oy 

The analysis for the asymptotic solution is identical with that in the previous 
case, § 2, as far as equation (2.22). Now, however, instead of the potential (2.23) 
we must choose a potential 4), to represent a flow having zero vertical com- 
ponent, and satisfying the equation of continuity (5.1). We take 


or = Coko(u? — y?) + Deoz, (5.2) 
and from (2.22) we see that the constant D has to be — 2y? as before. Thus, 
Por = Coko(x? —y?) — — 


(5.3) 
Co = — 2yx, 
and (2.26) still applies. 
In the equations (2.27) for the interaction potential, the additional terms all 
vanish identically, so that (2.28) is still valid; the only difference is that the last 


term €)907¢9,/€z" vanishes, and so in place of (2.29) we have 
[2iky( — 2y — 2y*) + 4kp x] yo. (5.4) 


* In equation (2.57) of I, the second term in the curly bracket can be neglected, since 
A < bt < ‘m 
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Now, on equating coefficients between (2.31) and (5.4), we find 
Daz2 3) 
— NE i 2y* + 2y 
(1+: 2y)2 


. i 


Since the value of /? is still the same, equations (2.34) to (2.38) are still applicable 
and in particular (2.38) shows that we have the same rate of change of the 
wave-number & as in the previous case. 
But, since /, has a different value, equation (2.41) must now be replaced by 
1a ey I cU 


a 0x} p-9 ~ (1+ 2y)2 ey Ox’ 


showing that the change in amplitude of the waves is different from the 
previous case. 


6. Physical interpretation 


The current U along the z-axis being as in §3, the changes in wave velocity 
and wave-number which were derived in that section (by arguments depending 
only on kinematical considerations) are still given by (3.6) and (3.7). This con- 
firms what was found in § 5 concerning the change in wave-number. 

The change in wave amplitude, however, must be related to the equation of 
energy transfer. Now it was found in I that in the presence of a horizontal 
stream U = (U,V,0) not necessarily in the x-direction, the mean transfer of 
energy across a vertical plane whose normal is n = (1, m, 0) is given by 


R= E(c,+ U).n+U.S.n+4phU'(U'.n), (6.1) 
where c, denotes the vector group-velocity, U’ denotes the stream velocity as 


modified by the mass-transport and S is a stress tensor. If the z-direction is the 
direction of wave propagation, then c, = (c,, 0,0), U’ = U+(E/pch, 0,0), and 


S, 0 0 
s-[o s, 0). (6.2) 
o @G Oo 
where S,, is given by (3.17) and 
Y Cc 1 » «€ 
S, = #(2—5) . (5.3) 
Therefore a natural generalization of equation (3.14) is to assume 


V.[E(c, +U))+|S.55 +8 te ~ 0. 


V%y (6.4) 


In other words, the divergence of the energy flux is exactly compensated by 
work done by the mean current against the radiation stress. In deep water this 


becomes aU 


aa © [Bide + Uy] +2 LEV I+4E a = 0. (6.5) 
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By the symmetry of the flow about the plane y = 0, we see that, on the x-axis, 
cE /cy vanishes ee and so making use of (5.1) we have 


— om (het U)+ 1B (+ =) - 0. (6.6) 
On substituting for ~ from (3.6), we find 
10# 2(1+y) 10U e 
(i tee ai 
7 lat} = 1+y_ 100 
from which follow 8 (7 7). , — (12-2 te 9 (6.8) 
in exact agreement with (5.7). 
Equation (6.5) may also be written as 
0 oU 
tice 0N~ 1 = ®, 
ar [H(4c+ U)]-—3E aa (6.9) 
which has the integral 
E(4c + U)/c = const., (6.10) 


as may be verified in the same way as (3.28). Hence, in the present situation, 
E c(¢g+2U)) 


B, ~ eget 2U)’ on 
a — [e(eg+2U)) 
and "tee bese “8 (6.12) 


It will be seen that as the critical point is approached, a/a, > 00 as before. 

The amplitude variation corresponding to equation (6.12) is shown in figure 1, 
curve (2), compared with the corresponding variation in the case of no lateral 
flow. 


7. Waves on currents of arbitrary form 


To generalize our previous results, we note that S is a Cartesian tensor of 
rank 2, which we may write S,;; equation (6.2) gives S,; in diagonal form, when 
referred to axes perpendicular and parallel to the local - ave front. 
The velocity gradients 0U/¢x and dV /cy are also components of the symmetric 
rate-of-strain tensor 1 ( U. 2 u) 


Re (7.1) 
3 Z Cx; 0x, 
and the generalization of the interaction term in the wave-energy equation is 
S;;7;;, which is, of course, an invariant. 

Hence the correct generalization of equation (6.4) for steady currents of 


arbitrary form is 


0 
V.[E(c p+ UN +ISy(a +S) = = 0. (7.2) 
For time-varying currents we assume ‘. 
0E ou, , OU; 
RAY 48,,4—+—) = Tee 
ai +V.[E(c,+ U)]+48,; S 45) 0 (7.3) 
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In the case of purely two-dimensional motion (é/¢y = 0), this reduces to 

= + - [H(c, + U)]+S8, = = 
an equation that was verified approximately in § 5 of I. In that paper it was not 
possible to distinguish between equation (7.4) and the same equation with 
o(S,U)/ex replacing S,eU/ex, since the difference, (eS,/ex) U, was negligibly 
small. However, the technique adopted in § 4 of the present paper, whereby the 
long wave was reduced to rest by superposing a finite negative velocity, removes 
the ambiguity in the final term. 

Given the appropriate boundary conditions, equation (7.3) is generally suffi- 
cient to determine the variation in the wave-energy density HZ. From this the 
variation in wave amplitude may be deduced on the assumption that the 
relation between amplitude and energy-density is 


E = 4pga*(1+ W/29), (7.5) 


where W denotes the vertical acceleration of a particle carried by the mean 
current.* (See §4 of I.) For steady currents we have 


0, (7.4) 


W = x(U?+V?), (7.6) 
where x is the curvature of the path of the particle. If W is small compared with 
g then we may take E = 4pga’, (7.7) 


as has been assumed throughout this paper. 

It may be mentioned that some experiments have recently been performed by 
Hughes (1960) on the interaction of waves and shear flows. These he has analysed 
using an assumption equivalent to (7.2), and his results tend to confirm the 
theory. 


8. Waves on a shearing current 

As a final example we shall apply the general equation (7.2) to the interesting 
case of waves traversing a simple horizontal current with vertical axis of shear. 
This was previously considered by Johnson (1947) without taking into account 
the transfer of energy between the waves and the current. 

The stream velocity (0, V,0) is supposed to be everywhere parallel to the 
y-axis, and also av. oa 
The wavelength and amplitude of the waves are supposed also to be independent 
of y. The angle which the waves make locally with the z-axis is denoted by 0 
(see figure 2). 

Purely kinematical considerations yield the following: since the wave- 
number in the y-direction (£ sin #) must be independent of x, we have 


(8.1) 


— 
co 
bo 

~" 


ksin@ = m, 


* It is assumed that the current is nearly horizontal. 
+ Some of the results of this section were obtained by Drent (1959) who, adopting a 
different approach, was led to make an assumption equivalent to (7.2) in this case. 
35 Fluid Mech. 10 
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a constant. Since the apparent velocity of the waves at right-angles normal to 
their crests is (c+ Vsin@) and their wave-number is k, the apparent angular 


frequency of the waves relative to a fixed point is 


k(c+ Vsin@) =o, 


(8.3) 


also a constant. Thirdly, we have the relation connecting local wave-number 


and velocity: kee =y 





440 \ 

















FicureE 2. Definition diagram for waves on a shearing current, showing the 
qualitative effect of the current (a) when V > 0, (b) when V < 0. 


From equation (8.3), by use of (8.4) and (8.2), it follows that 


-+mV =o, 
c 
, —— 
7 ere a 
Then, from (7.4), 
pa amr? 
9g 
and, from (7.2), a 


Ni 


(8.4) 


x 


(8.8) 


If ¢o, ko, Oe denote the values of c, k, 9 when the transverse velocity V vanishes, 


then we have 1 


Cc 
c ~ 1=(Veq) indy’ 
k 


ko = [1—(V/cy) sin 5 )°, ? 
3in 0 — 





~ [1—(V/eq) sin 05)?" 


(8.9) 
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Since sin # cannot exceed unity, there is clearly an upper limit to V for which 


a solution exists: _ 1=(sin 0,)! 


Fie 8.10 
Vie sin 4, a 


At this upper limit 0 becomes equal to $7, and the waves are totally reflected by 
the current. 

On the other hand, for negative currents V < 0, there is no kinematic limit 
to V. However, as V -> —o, k becomes very large, that is to say the wavelength 
becomes very small (figure 2(b)). The angle 0 approaches zero, that is, the direc- 
tion of propagation becomes nearly normal to the current. 

Now the vector group-velocity is given by 


y = 4¢ = ($ccos0, }csind). (8.11) 
Hence equation (7.2) becomes in this case 


7) 0 . OV : 
~~ [#.4ccos6]+ = [E(4csin@+ V)]+ 1B cos sind = 0. (8.12) 
OX r. cy . “  €& 


Since all derivatives with respect to y vanish identically, we find, on substitution 
from (8.6) and (8.8), 





0(E Hm cos@ oV 
3 pleat, Beenie (8.13) 
dx\o—mV} (o—mV)* cx 
of which the integral is 
Ecos@ 
(s—mV)2 — const., (8.14) 
or, from (8.8), E cos@ sin@ = const. (8.15) 
The relative amplification of the waves is therefore given by 
4 <n Of \4 
a _ (7) zo (FF 74) (8.16) 
a \Ey sin 20 


This ratio is shown graphically in figure 3 as a function of V/c), for various 
values of the initial angle 0. 

Evidently the amplification of the waves becomes infinite both when @ + 90° 
and when @ -> 0. In the first case the infinity is not significant: it is due to the 
fact that the ray-paths intersect, and the corresponding line x = const. is a 
caustic. To the left of this line there are essentially two systems of waves, the 
incident and transmitted systems, while to the right of it there is a ‘shadow zone’. 
In the neighbourhood of such a line the ordinary approximations of ray optics 
do not apply; a higher-order theory, generally involving Airy functions, must be 
used. One may expect that the wave amplitude in fact remains finite even in the 
neighbourhood of the critical line. 

The second case, when @ — 0, corresponds to the limit V + —oo. In that case 
the infinity is genuine and is due mainly to the fact that the wavelength and 
wave velocity are so much reduced that, in order to maintain the energy flux 
in the x-direction, the amplitude must increase. In practice the waves may break: 
but for no finite velocity V < 0 is the ratio a/a, theoretically infinite. 
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We may note that it is possible for the component of stream velocity opposite 
to the waves to exceed the group-velocity: 


c+ Vsin@ < 0. (8.17) 


The waves are not thereby stopped, for the wave amplitude tends to be dimin- 
ished by a lateral stretching of the wave crests. 
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FicurE 3. The amplification factor for waves crossing a shearing current V 
at an oblique angle 0, for various angles of entry 0). 


9. Conclusions 

The amplitude of surface waves on non-uniform currents is affected by a non- 
linear interaction between the waves and the components of the currents; the 
coupling terms are proportional to the radiation stresses, and the general equation 
governing the transfer of wave energy is equation (7.3). 

Waves travelling on a non-uniform current U that varies in the direction of 
wave propagation undergo an amplification that is greater than previously 
supposed, and is dependent on whether the variation in current is made up by 
a small vertical upwelling from below or by a small horizontal inflow from the 
sides; this difference is illustrated by the two curves in figure 1. 

The amplification of waves on a transverse shearing current has also been 
calculated. Here the interaction between waves and current also produces an 
amplification different from that obtained by neglecting the interaction terms. 

The results show that the efficiency of a hydraulic or pneumatic breakwater 
should be affected not only by the surface currents directly opposing the waves 
but also by the transverse or vertical components of the secondary circulating 
flow, for these produce different effects on the wave steepening. The absolute 
limits to the wavelengths that can be transmitted are still set by Taylor’s 
kinematical theory (1955). But for waves longer than the critical wavelength. 
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whether breaking occurs must depend on the amplification factor. We suggest 
that differences in the secondary circulation may account for some of the 
anomalies in past experimental work, both on models and on prototypes. 

Since the currents have been seen to do work on the waves, then we would 
expect the waves also to react on the currents. From (6.1), by conservation of 
the total energy, one would expect for steady currents 


V.[E(c, + U)+S.U + (4phU”) U’] = 0. (9.1) 
Hence, on subtracting (7.2) and using the fact that S,; is symmetric, we have 
V.[(gphU2) U']+U, = ~~ (9.2) 


I 


A fuller account of equation (9.2) will be given subsequently. 
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Wind tunnel measurements of sphere drag at supersonic 
speeds and low Reynolds numbers 


By PETER P. WEGENER? AND HARRY ASHKENAS 


Jet Propulsion Laboratory, California Institute of Technology, Pasadena, California 
(Received 23 January 1961) 


Sphere drag has been measured in a low-density supersonic wind tunnel by a 
simple displacement technique. A conical nozzle of fixed geometry, operated 
at a constant supply temperature of about 300 °K was used. Test section Mach 
numbers ranged between 3-8 and 4-3 depending on supply pressure. The Reynolds 
number and Knudsen number range, based on free-stream conditions and sphere 
diameter, were 50 < Re,, < 1000 and 0-106 < Kn,, < 0-006, respectively. This 
range was achieved by varying sphere size and supply pressure. The drag 
coefficient was found to increase from a value of Cp = 1:17 at Re, = 1000 to 
Ip = 1-73 at Re, = 50. 





1. Introduction 


The determination of sphere drag has long been a classical problem in aero- 
dynamics. Unfortunately, few reliable experimental results are available at 
supersonic speeds and at Reynolds numbers below about 2000. We find in the 
literature the pioneering low density supersonic wind tunnel experiments by 
Kane (1951), Sherman (1951), and Jensen (1951) of the University of California at 
Berkeley covering a Reynolds number range from Re,, = 10 to that characteristic 
of the continuum regime for 2 < M < 2-8. In the early days of low-density ex- 
periments, however, incomplete knowledge of the flow structure in the test 
section with resulting uncertainties about the sphere wake (and hence the base 
drag) cast some doubt on the results reported in Kane (1951), Sherman (1951), 
and Jensen (1951). Other results have been obtained in firing ranges by May 
(1957) and May & Witt (1953), of the U.S. Naval Ordnance Laboratory down to 
Re, = 1140 and Re,, = 485, respectively, for 0-82 < M < 4:69. The scatter of 
firing range data obtained at low Reynolds numbers is relatively large because 
of the small decrease of flight speed in the range at the low densities. The 
sphere surface temperature of the Berkeley wind tunnel experiments may be 
taken to be constant and equal to a mean recovery temperature close to the 
supply temperature. The range data surface temperatures are undetermined, 
and, depending on the sphere material, the time of flight, and the ambient density, 
they range from room temperature to flight temperatures. 

There are no complete calculations of sphere drag in the transitional flight 
régime between continuum and free-molecule flows. Free-molecule results are 


+ Now at Yale University, Nev Haven, Connecticut. 
{ Private communication from Prof. F. Sherman, University of California, Berkeley, 
California. 
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available from the analytical work of Heineman (1948), who considered the 
limiting cases of diffuse and specular reflexion in supersonic flow, arriving at 
values of the drag coefficient, much above the continuum value (C, ~ 1) for 
supersonic speeds. 

In order to resolve this unsatisfactory state of affairs and to gain a basis for 
comparison with future theoretical work, it was decided to measure again sphere 
drag in the transitional flow régime. In particular, a simple method not involving 
a balance system appeared appropriate to determine the very low values of the 
drag. This technique consisted of measuring the deflexion of a sphere of known 
weight and diameter in the supersonic air stream of a low-density tunnel. 


2. Experimental methods 

The experiments were conducted in the low-density gas dynamics facility, 
illustrated in figure 1, at the Jet Propulsion Laboratory. Continuous flow in a 
Mach number range of 3-8—4-3 for free-stream static pressures of 30-1004 can 
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Figure 1. Jet propulsion laboratory low-density gas dynamics facility. 


be achieved for dry air initially at room temperature. The nozzle exit and the 
traversing mechanism with a Pitot pressure probe installed are shown in figure 2, 
plate 1. This system allows traversing in three mutually perpendicular directions; 
10in. of travel are available in the horizonta] and vertical cross-flow directions 
for a fixed position of the base of the system. The device is equipped with re- 
versing motors and two-speed magnetically engaged transmissions; counters 
on the precision lead screws may be used to determine position to the nearest 
0-001lin., or, alternatively, an analog position signal is provided by linear 
potentiometers. 

A simple conical supersonic nozzle with an exit diameter of 2-28in. was used 
for the experiments. The usable width of the isentropic core of the flow and, 
correspondingly, the flow Mach number depend on the supply pressure as seen in 
the pitot pressure profiles taken at right angles to the flow and 0-5 in. downstream 
from the nozzle exit (figure 3). The pitot pressure py was measured with a U-tube 
silicone-oil manometer in the tunnel (figure 2); the fluid level height was deter- 
mined with an external cathetometer. The pitot tube diameter was chosen to 
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be large enough to ensure the absence of viscous effects according to the criteria 
established by Sherman (1955). The supply pressure ) was determined with a 
Betz manometer filled with silicone oil, and the flow Mach number of the isen- 
tropic core was found from the ratio p/p», using an isentropic flow table. All 
other required flow parameters were also found from the flow table and the 
measured supply conditions. Since the conical nozzle does not produce uniform 
flow in the test section, the Mach number increases with distance in the x-direction. 
In figure 4, the variation of centreline Mach number with supply pressure is seen 
clearly. The calibration data of figures 3 and 4 are used to determine all flow 
conditions shown subsequently, and a given free-stream value was assigned to 
the stagnation point of the sphere. 
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Figure 3. Pitot pressure profiles; horizontal traverse across jet; 
}in. downstream from nozzle exit. T, = 300 °K. 


Po Pao 
mm Hg Hg M «(Po/Po) 
O 15°81 93 4-322 
A 13-76 85 4-279 
oO 10-34 73 4-171 
» 6-89 61 4-008 
> 5-16 51 3-869 
q 3-46 48 3-784 


The method of drag determination is shown schematically in figure 5. A steel 
or bronze ball-bearing is suspended from the traversing mechanism on a fine 
(0-00015 to 0-001in. diameter) tungsten wire; the sphere stagnation point is 
located } in. downstream from the nozzle exit on the nozzle centreline. The air is 
then turned on and the sphere is blown downstream until an equilibrium position, 
determined by the drag and weight, is reached. The traversing mechanism is used 
next to return the sphere to its original, undeflected position, and the distance 
travelled is found on the traverse counter as Az in figure 5. 

The sphere is stabilized in the airstream by suspending a second damping 
sphere immersed in an oil bath outside the airstream below the model. In order to 
specify the geometry completely, the length of the suspension wire, L, is measured 
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FicuRE 4. Free-stream Mach number dependence on stagnation pressure. 
295 °K < T, < 300 °K. 
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Ficure 5. Geometry of sphere-drag measurement. 
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with a cathetometer. The total drag of the spiere and suspension wire D, is 
determined from the measured geometry and the measured weight of model plus 
damper, W. 

Thus, we have 


Dy, = (W —b) tan (sin- Az/Z), (1) 


where Dp = Dyire+Depnero and 6 = buoyancy force on damper-sphere 


= ViPou 9 = (damper-sphere volume) (density of oil) (acceleration of gravity). 
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Ficure 7. Support-wire drag coefficient. Wire diameter, in.: ©, @, 0-001; 
o, e, 0:00068; A, 7, 0-0005; O, @, 0-0003; cp, 0-00015; DO, m, 0-0002. 


In order to separate the wire drag from that of the sphere, measurements of the 
wire drag alone were made, asillustrated in figure 6, plate 2. The wire wassuspended 
from the traversing mechanism, and a nylon sphere was used to damp the motion 
of the wire. As the photograph shows, the wire is blown by the airstream to some 
equilibrium position; the balance of forces on tlie wire is determined by the angle 
assumed by the upper straight portion of the wire and the measured weight of 
wire and damper. An optical comparator is used to determine the angular posi- 
tion from a photographic negative by reference to the plumb bob shown. The wire- 
drag data were reduced to the wire-drag coefficient shown as a function of Mach 
number in figure 7. The wire-drag coefficient is defined by 


Ch, = Dy | (Vc lydy), (2) 


where l,, = wire length, d,, = wire diameter, D,, = wire drag, and q,, = free- 
stream dynamic pressure. The scatter in these data is of the order of + 10%, thus 
in order to minimize the effect of wire-drag uncertainty on the sphere-drag results, 
the wire size was reduced as sphere size decreased; in any case, for the results 
reported here, the wire drag never exceeded 15% of the total drag Dy. The 
Knudsen number of the wires, based on free-stream conditions, ranged from 6 to 








dD 


C 


wl 
in 








~~ 


Measurement of sphere drag at supersonic speeds 55: 


43; therefore, in principle, wire drag may be computed from free-molecule theory, 
e.g. for adiabatic surface conditions and diffuse reflexion. Such a comparison 
was, however, unsuccessful at the lower Mach numbers with the correspondingly 
large boundary-layer thicknesses through which the wire extended; therefore 
the current corrections are purely empirical. 
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FicurE 8. Effect of wire-drag correction on drag of ;§ in. diameter sphere. Wire dia- 
meter, in.: 0, 0-00068; A, 0-0005; O, 0-0003. (a) Uncorrected for wire drag. (b) Cor- 
rected for wire drag; wire drag obtained by direct measurement. 


The drag coefficient of the sphere is defined by 
Cp=—*, (3) 


where A, is the cross-sectional area of the sphere. Combining (1) and (3) and 
including the correction for the drag of the supporting wire, the drag coefficient 


becomes 4 [W—0) (sin-1 Az|L) — 
— b) tan (sin~ Az/ was 
00 = oe eee —Coglate(“F~) |; (4) 





where d, is the diameter of the sphere, and the correction for finite support drag 
is modified by the masking effect of the sphere on the wire; l,, is taken arbitrarily 
as the jet width where the dimensionless pitot-pressure plotted in figure 3 had 
dropped to 90 % of its centreline value. 

The magnitude of the wire-drag correction in a restricted Reynolds number 
range is shown in figure 8, where a comparison is made between corrected and 
uncorrected drag data. 
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3. Results and discussion 
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Excerpts of the results for the series of experiments reported here are shown 
in table 1. In addition to the final corrected drag coefficient Cp, the free-stream 
Mach number /,,, the supply temperature 7), the free-stream Reynolds number 
Re,,, the free-stream Knudsen number Kn,,, the Reynolds number based on 
conditions behind the shock wave Re,, and the Knudsen number behind the shock 
wave Kn, are presented. For the calculation of Re,, the viscosity was based on 
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Sphere drag; present data compared with earlier investigations. 
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Sphere 
wh diameter 

sai d,in. T,,°C Me Rew Re, Kng Kn, Cp 
ber ds 20-1 3-865 534 155 0-1071 0-0419 1-713 
‘n 19-1 3°865 53-6 15-5 0-0167 0-0419 1-709 
19-3 4-007 66:3 18-2 0-0894 0-0354 1-593 
ck 19-6 4-097 79-0 21-0 0-0767 0-0305 1-543 
on 198 4-170 91-3 23-6 60-0675 0-0270 1-508 
i 24-9 3°865 104 30:3 0-0550 0-0214 1-506 
24-9 3-865 104 30:3 0-0550 0-0214 1-498 
24-3 3°862 104 30:3 0-0550 0-0214 1-463 
24-0 3864 104 30:3 0-0550 0-0214 1-450 
24-2 3°867 105 30-6 0-0545 0-0212 1-511 
22-4 3-866 105 30-4 0:0545 0-0214 1-473 
22:5 3-860 105 30°6 0-0544 0-0212 1-438 
24-8 4-007 127 35:0 0-0467 0-0184 1-428 
24-0 4-008 128 35-2 0:0463 0-0183 1-415 
24:3 4-008 128 35:3 0-0463 0-0182 1-402 
22-5 4-008 130 35:8 0-0456 0-0180 1-383 
24-0 4-096 152 40-6 0-0399 0-0158 1-361 
24-0 4-096 152 40-6 0-0399 0-0158 1-350 
24-9 4-096 154 41-1 0-0394 0-0156 1-396 
22:5 4-097 154 41-0 0-0394 0-0156 1-343 
24-1 4-169 176 45-4 0-0350 0-0140 1-337 
22-5 4-170 177 45-7 0-0349 0-0139 1-316 
as 24-8 4-169 178 46-1 0-0347 0-0138 1-373 
24-1 4-23 199 50-3 0-0314 0-0123 1-324 
24-1 4-299 199 50-3 0-0314 0-0126 1-316 
24-8 4-230 201 50:8 0-0311 0-0125 1-359 
22-5 4-230 201 50-6 0-0311 0-0126 1-300 
22-5 4-230 201 50-6 0-0311 0-0126 1-292 
Fe 24-3 4-276 221 54:8 0-0286 0-0116 1-312 
22-5 4-276 223 55-3 0-0284 0-0114 1-288 
5 a 24-9 4-276 225 56-0 0-0281 0-0113 1-343 
24-3 4-323 248 60-5 0:0258 ° 0-0104 1-281 
ea 22:7 4-325 250 61-0 0-0256 0-0104 1-267 
| | 24-9 4-323 252 61-5 0-0254 0-0103 1-324 
is fz 26-8 3-863 128 37-4 0-0447 0-0174 1-452 
. 26:1 3864 129 37-7 0-0443 0-0172 1-430 
rT 20-6 3°866 133 38-6 0-0430 0-0168 1-446 
£] 20-8 3-866 133 38-6 0-0430 0-0168 1-425 
1000 20-1 3-866 134 38-9 0-0427 0-0167 1-452 
18-6 3-867 134 38-9 0:0427 0-0167 1-418 
17-4 3-867 136 39°3 0-042] 0-0165 1-447 
26-5 4-007 159 43-9 0-0373 0-0146 1-370 
20-7 4-008 165 45-4 0-0360 0-0142 1-394 
21-0 4-008 165 45-4 0-0360 0-0142 1-380 
17-6 4-010 168 46-0 0-0353 0-0140 1-371 
26-6 4-096 190 50-7 0-0319 0-0126 1-336 
19-1 4-098 195 51:7 0-0311 0-0124 1-355 
21-2 4-097 196 52-1 0-0309 0-0123 1-353 
17-8 4-098 200 53-0 0-0303 0-0121 1-342 
26-7 4-169 220 57-0 0-0280 0-0112 1-328 

TABLE 1. Sphere drag data 
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Be 5 
225 
226 
228 
249 
262 
278 
312 
157 
158 
162 
194 
201 
232 
232 
239 
240 
265 
276 
313 


TABLE | (cont.) 


106 
123 
123 
138 
138 
152 
153 
167 
168 
140 
141 
163 
182 
183 
202 
202 
223 


246 


En 
0:0274 
0:0273 
3°0271 
0:0251 
0-:0239 
0-:0228 
0-0203 
0:0364 
0-0362 
0-0353 
0-0306 
0-0295 
0-0261 
0-0261 
0-:0254 
00253 
0-0233 
0-0224 
0-0200 
0-0200 
0-0181 
0-0163 
0-0274 
0-0270 
0-:0233 
0-:0226 
0-0196 
0-0172 
0-0171 
0-:0154 
0-0140 
0-0139 
0:0126 
0:0154 
0-0132 
0-0131 
0-0116 
0-0116 
0:0104 
0-0103 
0-0094 
0-0094 


0-0116 
0-0116 
0-0099 
0-0088 
0-0087 
0-0079 
0-0078 
0-0071 
0:0064 


Kn, 
0-0110 
0-0109 
0-0108 
0:0101 
0:00962 
0:00915 
0:00827 
0-0142 
0-0141 
0:0139 
0-0120 
0-0117 
0:0103 
0-01038 
0-0101 
0-:0101 
0:0093 
0:0089 
0-:0080 
0:0080 
0:0073 
0-0066 
0:01067 
0-:01055 
0:00917 
0:00893 
0:00773 
0:00689 
0-00684 
0:00623 
0:00566 
0-:00561 
0:00514 
0:00607 
0-00520 
0:00520 
0:00462 
0:00462 
0:00418 
0-00415 
0:00379 
0:00377 
0-00460 
0:00456 
0:00393 
0-00350 
0-00348 
0:00314 
000314 
0:00284 
0:00257 


Cp 
1-324 
1-340 
1-344 
1-290 
1-321 
1-298 
1-275 
1-399 
1-398 
1-360 
1-345 
1-304 
1-391 
1-317 
1-282 
1-289 
1-293 
1-270 
1-264 
1-258 
1-248 
1-229 
1-374 
1-342 
1-306 
1-301 
1-277 
1-265 
1-259 
1-252 
1-235 
1-229 
1-218 
1-287 
1-269 
1-267 
1-254 
1-249 
1-244 
1-241 
1-227 
1-227 
1-254 
1-247 
1-226 
1-220 
1-213 
1-206 
1-197 
1-190 
1-177 
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T,, the free-stream temperature behind the normal shock wave. Viscosity, 
where it enters the above parameters, was determined as a function of tempera- 
ture from Sutherland’s law for 7 > 110-4°K. For temperatures below 110-4 °K, 
Van Driest’s approximation (1954), in which the viscosity-temperature relation 
is taken to be the tangent to the Sutherland curve at 110-4°K, was used. The 
sphere-drag coefficient is shown in figure 9 as a function of free-stream Reynolds 
number for spheres of different sizes. In figure 10 these results are compared with 
those previously cited. It is seen that the scatter of the current experiments is 
generally satisfactory and that the results for Re,, > 100 agree with the range of 
the older experimental findings. At the low Reynolds numbers, the present 
results appear to give an upper bound of the data. 

There clearly exists the need for further data at even lower Reynolds numbers. 
The data of table 1 have been plotted with the drag coefficient as a function of 
free-stream Knudsen number and of Reynolds and Knudsen numbers based on 
conditions behind the shock. These curves are not shown here, as no improvement 
in the correlation is to be noted. However, the flow state was known well enough 
to permit the calculation of these variables, and they are included for later use 
when comparisons with results obtained in high-temperature facilities become 
available. Such results ought to be correlated on the basis of conditions behind 
the shock-wave. 

Finally, several practical points concerning these experiments must be noted. 

1. The pull on the damper sphere wire due to surface tension in the oil at the 
oil surface may be neglected. 

2. The Mach number gradient in the tunnel airstream of 0-1/in. has no 
noticeable effect on the drag of the smaller diameter spheres, as evidenced by 
the complete overlap of the drag data for these models as seen in figure 9. The 
larger models (e.g. those of 4 and Zin. diameter) exhibit a small but definite 
deviation in the overlapping ranges. This may be partially due to the Mach 
number gradient; additionally, the model size approaches the core diameter of 
the stream, and this also gives rise to error. No jet boundary interference cor- 
rections have been applied to the present data. 

3. Drag measurements obtained after several hours of continuous tunnel 
operation showed no sensible deviation from values obtained after only 10 min- 
utes of operation. Therefore it is presumed that all the measurements presented 
represent the equilibrium wall temperature drag, although no attempts were 
made to measure the surface temperature of the model. 


This paper presents the results of one phase of research carried out at the Jet 
Propulsion Laboratory, California Institute of Technology, under joint sponsor- 
ship of the Department of the Army, Ordnance Corps (under contract 
no. Da-04-495-Ord 18), and the Department of the Air Force. 

The authors wish to acknowledge the work of H. N. Riise, who provided the 
nozzle calibration data, 8S. B. Wheeler, whose painstaking construction of the 
model suspensions is in large measure responsible for the success of the experi- 
ments, and A. C. Bouck, whose operation of the tunnel and assistance in the 
measurements is greatly appreciated. 
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FIGURE 6. Support-wire drag determination. 
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The motion of single immiscible drops through a liquid 


By R. SATAPATHY 


Shri Ram Institute for Industrial Research, Delhi 


AND W. SMITH 


D.S.I.R. Warren Spring Laboratory, Stevenage, Herts. 
(Received 21 October 1960) 


The motion of drops of liquid through an immiscible field liquid has been ob- 
served and drag coefficients have been measured at Reynolds numbers from 0-01 
to 1500. Several kinds of motion have been distinguished and it has been noticed 
that a change in the motion is always preceded by an increase in the drag 
coefficient and is usually followed by a return to the drag coefficient for solid 
spheres. When the drop is deformed, the drag coefficient and the form of the 
motion is not determined solely by the Reynolds number. The effect of the walls 
of a containing vessel on the motion is computed for low Reynolds numbers. 





Introduction 

Bringing into contact two immiscible phases and transferring a mutually 
soluble component from one phase to the other is a process frequently encoun- 
tered in the chemical industry. Usually, one phase is dispersed in the other in 
the form of bubbles of gas or vapour, drops of liquid or particles of solid in such 
a way as to give a high interfacial area and a good rate of mass or heat transfer. 
The mechanics of the motion of the dispersed phase through the continuous 
phase is important in all these cases for two reasons: first, the velocity of the 
particles of the dispersed phase determines the capacity of the equipment; and 
secondly, the motion near the interface between the phases determines the 
convective rate of transfer of mass or heat between the particles and the 
continuous phase. 

The capacity of industrial equipment can be related to the terminal velocity 
of single particles in an extended fluid. The terminal velocity (or drag coefficient) 
of single particles of solid or bubbles of gas has been measured by many workers, 
but liquid drops have until recently received less attention (Hughes & Gilliland 
1952; Hu & Kintner 1955; Licht & Narasimhamurty 1955; Klee & Treybal 1956; 
Krishna, Venkateswarlu & Narasimhamurty 1959; Warshay, Bogusz, Johnson 
& Kintner 1959). These, like gas bubbles, have a more complicated motion than 
solids, for they are able to deform and oscillate, and owing to the difficulty of 
obtaining accurate data there is some conflict between the measurements of 
different workers. Although the scatter in values of drag coefficient is small, there 
is uncertainty about those values of the Reynolds number at which the character 
of bubble motion changes; for instance, when oscillation starts, or when vortices 
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are detached. As will be shown, under conditions where the drop is deformed, 
changes in the state of the motion are not decided by the value of the Reynolds 
number alone. It is important to know what kind of motion the drop has for 
this critically affects the rate of mass or heat transfer between the phases. For 
this reason careful measurements were made, during this work, of the drag 
coefficient of drops of liquid as a function of Reynolds number, and these values 
were correlated with the kind of motion observed. 

Experimental equipment used for soivent extraction is often designed to 
give a long contact time between the two liquids and the Reynolds number of 
drops moving through the equipment is therefore low. The drops are sometimes 
in viscous flow (Stokes region) or move with a stable single-ring vortex at the 
rear; that is, below the Reynolds number at which vortices detach or at which 
there is much deformation. This region especially has been examined and the 
effect of containing walls on the motion has been calculated approximately. 
Also, since at low Reynolds numbers accurate measurements can be compared 
with theory, it is possible to decide whether the surface viscosity of Boussinesq 
(1913) plays an important part in determining the motion of the drop. Surface 
viscosity has been invoked recently to explain several phenomena noticed in 
liquid-liquid extraction (Sternling & Scriven 1959). 


Experimental technique 


The drag coefficient is given by 

W 
Co = Vora" ) 
U, the steady terminal velocity of the droy, is measured directly; W, the effective 
weight of the drop in the field liquid, is found from the volume of the drop; and 

a is the apparent radius of the drop as seen from the direction of its motion. 
Photographs were taken by a ciné-camera of drops moving (usually falling) 
through a square column of 6in. side and filled with the field liquid to a height 
of 6ft. Drops were formed and released beneath the surface of the field liquid 
from nozzles with a straight bore and a flat face. Several sizes of nozzle were 
used to give a range of drop sizes. The nozzle was fed with drop liquid from a 
container giving a constant head at the tip of the nozzle. In this way, as the 
photographs showed, drops of constant size were obtained and at a fixed fre- 
quency. The interval between drops was regulated to be long enough for the 
disturbance of the field liquid by the previous drop to have decayed. The velocity 
of the drop was determined either from the ciné-film, that is, from the position 
of the drop in successive frames, or by measuring with a stop-watch the time 
taken by the drop to move through a height of 70cm. Each result registered 
was the average of 20 determinations. It was found that a distance of about 50 cm 
was sufficient to allow all drops to attain their steady velocity, and all readings 
were taken at least 70cm from the nozzle. All drops had a diameter less than 1 cm: 
at this ratio of container to drop size (about 15 to 1) the effect of the walls of the 
container on the terminal velocity of the drop is small (Uno & Kintner 1956). 
The volume of liquid accumulated at the end of the column by about 20 of the 
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same drops was measured; this gave the volume of each drop. The projected area 
of the drops as seen from the direction of their motion was measured from the 
photographs, assuming that the drops have a circular cross-section in a hori- 
zontal plane. The drop and field liquids were mutually saturated with each other 
in order to eliminate mass transfer between the phases during the experiments. 
The viscosity and density of the mutually saturated liquids were measured and 
these were used in all calculations. 
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Figure 1. Drag plate. 


At Reynolds numbers less than 40 the terminal velocity of solid spheres was 
measured in the same way as described above, except that the sphere was 
released from a hemispherical cup, to which it was initially attached by vacuum. 
The main purpose of these measurements was to check the experimental tech- 
nique, and in the Stokes region (R < 1), the measured drag coefficient was within 
+% of the theoretical value, 24/R (R = pUd/y, p and yu being the density and 
viscosity of the field liquid, d being the maximum diameter of the drop in a 
horizontal plane). 

Some experiments were carried out in which aluminium particles were added 
to the drop liquid, or dyestuff soluble in the field liquid was injected near the 
surface of the drop. This served to show up circulation of liquid within the drop 
or the vortex at the rear of the drop. 

An apparatus was built in which it was possible to keep a drop stationary 
in a moving field liquid. This was effected by ‘inverting’ the velocity profile of 
the field liquid by placing a solid surface, a cruciform drag plate, along the axis 
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of the containing column and smoothing the disturbance so caused by a wire 
mesh (figure 1). It was possible by this means to keep the drop in the same hori- 
zontal plane in the centre of the column, and to observe oscillation of the drop 
or circulation within the drop. But quantitative measurement of the position 
of streamlines, shown up by injecting dyestuff in fine streams, was not accurate 
owing to uncertainty about the distribution of velocity in the liquid outside the 
drop. An alternative way of suspending the drops is to pass the field fluid vertic- 
ally through a divergent conduit. This technique was used by Garner & Kendrick 
(1959) for suspending liquid drops in a gas stream. but was found here to be 
unsuitable for suspending liquid drops in a liquid. 


Drag coefficient and drop motion 


Drag coefficients, calculated by using equation (1), are plotted in figure 2 as 
a function of the Reynolds number. Glycerol, water and glycerol-water solutions 
(85, 65, 50 and 35°% by weight) were used as field liquids: these and the liquids 
forming the drops were all Newtonian in behaviour. Figure 2 is divided according 
to differences observed in the motion of the drops, which were as follows. 


A. R less than 4 


This is the viscous flow or Stokes region: the drops appear to be spherical and 
move steadily along a vertical straight line. At low Reynolds numbers (less than 
about 1) the streamlines at the front and rear of the drop appear to be distributed 
symmetrically. As the Reynolds number approaches 4 streamlines at the rear 
of the drop diverge, but no vortex is formed. The results shown are for drops 
having a size much greater than the critical value of Bond (1927, 1928); that is, 
liquid within the drop circulates in a symmetrical, stable ring vortex. Small 
drops which move as if they are solid spheres have been extensively studied 
before (Garner & Haycock 1959) and were not examined here. {n order to obtain 
a low Reynolds number with a drop of a diameter of about $ cm, the field liquid 
must be very viscous (pure glycerol). Consequently most of the results plotted 
are close to the theoretical line predicted by Hadamard (1911) for the case 
where the viscosity of the drop liquid is zero (16/R). 


B. R from 4 to 10 


Above a Reynolds number of 4 the drag coefficient is higher than is predicted by 
Hadamard, and at a Reynolds number of 10 the drag coefficient attains the same 
value as is measured for solid spheres. A single-ring vortex, moving with the drop, 
forms at the rear; the stagnation point, that is the point where the outer boundary 
of this vortex returns to the axis of the motion, first moving from the drop at 
a Reynolds number of 4. At a Reynolds number of 10 the vortex has a total 
width of about 3 of the diameter of the drop. Below a Reynolds number of 8 
there is little deformation of the drop, but above a Reynolds number of 8 the 
rear of the drop progressively becomes flatter (figure 3). Inside the drop the 
liquid circulates, the centre of this motion appearing to move towards the front 
of the drop as the Reynolds number increases. 
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C. R from 10 to 45 
As may be seen from figure 2 there appears to be a discontinuity in the slope of 
the curve of drag coefficient against Reynolds number at a Reynolds number 
of 10, and at Reynolds numbers between 10 and 40 the drag coefficient has the 
value found for solid spheres. As the Reynolds number approaches 40, the 
deformation of the drop becomes more pronounced and the vortex at the rear 
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FicurE 2. Drag coefficients. 1, solid spheres; 2, Hadamard (¢ = 00); 3, 7 = 7-5. Experi- 
mental: ©, tetrachloroethylene; @, carbon tetrachloride; A, chloroform; A, bromo- 


benzene; (1, ethyl bromide; m, carbon disulphide; ©, chlorobenzene; ©, benzy] alcohol; 


x , aniline. 


suddenly increases in length, but never has a width greater than the equatorial 
diameter of the drop (figure 3). The way in which liquid within the drop moves 
becomes complicated and difficult to observe. Above a Reynolds number of 40 
the drop moves unsteadily; the vortex stays attached to the rear of the drop, 
but attains its maximum size and moves from side to side about the axis of the 
motion. Between Reynolds numbers of 40 and 45 the drag coefficient is higher 
than the value measured for solid spheres. 


D. R from 45 to 100 


The vortex at the rear of the drop begins to break up once the Reynolds number 
is greater than 45. In turn each side of the vortex grows in size, the other side 
remaining small and stable, until it is greater in length than about 1} drop 
diameters when a part of the elongated vortex detaches itself (figure 3). The drop 
is deformed but again moves steadily, the drag coefficient remaining a little 
higher than the value measured for solid spheres. There appears to be little or 
no internal circulation. 
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EK. R greater than 100 


In this region vortices are detached from alternate sides of the drop, as described 
above, but the drop no longer moves steadily. In some cases the drop fluctuates 
in shape as shown in figure 3, while in other cases there is no axial symmetry in 
the shape of the drop. Circulation of liquid inside the drop appears to stop when 
oscillation of the surface commences. Above a Reynolds number of 300 the drop 
no longer moves in a vertical plane but follows the line of a helical spiral: this 
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Figure 3. Drop shapes. 


appears to be induced by the alternate detachment of vortices at the rear of the 
drop. Deviation from a vertical path is less with larger drops (see Margarvey & 
Bishop 1960). Drops formed from different liquids but moving in the same field 
liquid have different drag coefficients, the value (except for aniline) being greater 
than that for solid spheres. Evidently, under conditions where the surface of 
the drop is expanded and contracted, the drag coefficient will depend upon the 
interfacial tension (y) as well as the Reynolds number. This is indicated by the 
fact that these results are correlated by the Weber number (pU?a/y) by the 
method proposed by Hu & Kintner (1955). The various lines of the plot of drag 
coefficient against Reynolds number each terminate below a Reynolds number 
of 1500, at the condition where a drop breaks up before attaining a dynamically 
steady motion. 
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Analysis for low Reynolds numbers 


In experimental equipment used to study mass transfer in solvent extraction 
processes, often single drops are allowed to move under the action of gravity in 
relatively narrow tubes and at low Reynolds numbers. The effect of the confining 
walls of the vessel on the position of the streamlines near the surface of the drop 
and on the drag coefficient can be calculated in the simple although approximate 
way suggested by Williams (1915): that is, by putting the disturbance caused 
by the drop as zero at a concentric spherical boundary moving with the drop. 
Less accurately, the influence on the motion of the presence of other drops can 
be estimated in the same way. It is possible to fit boundary conditions at a 
cylindrical surface coaxial with the axis of drop motion (Bohlin 1960), but this 
gives an answer which is too complicated for straightforward use. 

Stokes’s solution of the equations of motion in spherical polar co-ordinates 
for a viscous fluid is, in terms of the stream function, 


yp = (A/r+Br+ Cr? + Dr) sin? 6; (2) 


r is the distance from the centre of the sphere and @ is the latitude. It is assumed 
that there is symmetry in planes through the axis of the motion. This solution 
can be used both for fluid outside and inside the drop (quantities referring only 
to the fluid inside the drop will be distinguished by primes). The component 
velocities are ia 1 %& 


+ a0 20’ “0 ~ Fain Or (3) 


u ~ -— ‘ 
cO ° rsin@ or 


All quantities are made dimensionless and are related to the dimensional quan- 
tities in terms of U, the steady terminal velocity and a, the radius of the drop. 
We apply the following boundary conditions which lead to the necessary number 
of relationships between the coefficients of r in equation (2). 

(a) For a stationary drop with the field fluid moving at the outer, concentric, 
spherical boundary (of radius o) at a dimensional velocity of U (or a dimension- 
less velocity of unity), we have 


r=0, u,=cos0, uw =—sin§. 


This gives, by equations (3), 





> 9R 
24 +72 420+ 2D? = 1 (4) 
~ 4+ 2 +204 4Dot = 1. (5) 


(6) On the spherical surface of the stationary drop, since there is no deforma- 
tion we must have the normal velocities of both fluids zero and the tangential 


velocities equal. For ) , 
r=1, u=u,=90, Ug = Up. 


This leads to A+B+C+D=0, (6) 
A’'+B'+C'+D' =0, (7) 
A-B-2C—4D = A’—B'-20'—4D’. (8) 
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(c) The velocity of fluid inside the drop at 7 = 0 must remain finite, which 
dictates that AP ech. (9) 


(d) At the surface of the drop the tangential stresses must be equal 


a i ; sme 
r=1, Pro = Pro 


2 ae 
where Dr = z (Fe < aa - ‘) 
This gives (A’+D’) = o(A+D), (10) 
where v= ply’. 


Solution of equations (4) to (10) leads to 


30% — 30 + 205y + 380Vv 


B= - =" 
' 40° — 90° + 100° — 90 + 40%v — 60°v + Gov + 40 
D= 2Bo° +4B-—6Bo —3c0 
~ 466 — 1003 + 60 
1 2B 5Do? 
C= s-,--——. 11 
230° ~«8 on 


A is then given by equation (6), D’ by equation (10) and C’ by equation (7). 

The total of the forces acting at the surface of the drop in the direction of its 
motion is the drag force, which in steady motion is equal to the effective weight 
of the drop. The drag coefficient is given by 


a 


7 
Cp = + (p,, COS 6 — p,g sin @),, sin Odd, (12) 
4 Cu ; 
where Pre = —P+% = (13) 
and p is obtained from the equations of motion as a function of 6. Equations 
(12) and (13) give Wl 32 
1p = -16——_ B=—-—B. 14 
” a R a8) 


Equation (14) can also be obtained by finding the dissipation of energy by 
viscous motion of fluid inside and outside the drop. If the totals of the normal 
stresses on each side of the interface are calculated, it is now found that they are 
equal; that is, the sum of the dynamic pressure, hydrostatic head and viscous 
stress outside the drop equals the sum of the dynamic pressure, viscous stress 
and the normal stress owing to interfacial tension inside the drop. 


Comparison with experiment 
In equation (11), if o is put equal to infinity, we get 
PO te 


43+3u"" 


By equation (14), the drag coefficient is 


_ 24 2u+ 8p (15) 
DR 38n+3p"' 
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This is Hadamard’s solution. In our experiments o had a high value of about 15. 
Even so, there is an appreciable difference between the drag coefficient given by 
equation (14) and that given by equation (15). For instance, for a drop of tetra- 
chloro-ethylene (’ = 0-00851 poise) in 85°% by weight glycerol (” = 0-5495 
poise), when o = 15, B = — 0-560 and by equation (14), Cp, = 17-9/R; and when 
g = 7:5, B = —0-631 and C, = 20-2/R (see figure 2). By equation (15) Hada- 
mard’s solution gives for the same liquids Cp = 16-1/R. 

The maximum velocity at which fluid moves inside the drop (V,) occurs at 
the origin along the axis of motion, and this is the same in magnitude as the 
tangential velocity at the surface at the equator of ‘1e drop. By equations 
(2) and (3) 


For the liquids considered above and for o = 15, C’ = — 0-258. So V, = + 0-516; 
that is, 52% of the velocity with which the drop is moving. An internal circula- 
tion of this magnitude should be readily observable even in small drops. But 
the observation of Bond (1927) (and more recently of Garner & Haycock 1959) 
is that there is a specific size of drop below which there is no circulation. Thus, 
with small drops there must be tangential stresses other than the viscous stress 
which restrict the transmission of motion from the field to the drop liquid. 
According to Boussinesq (1913) the dynamic value of interfacial tension is 
different from the static value (y). In dimensionless terms the difference in 


normal stress is i 

ee 1 (CU, 

21—-+>(=7) |, 

{We R,\c0),-1 

and in tangential stress is (w,/R,),.,, where R, = pUa?/u, and y, is called the 
surface viscosity. Applying these relations, in the normal stress the first term 
(2/We) merely increases the mean normal pressure inside the drop by the static 
value of the interfacial tension and has no effect on the solution. If the re- 
maining terms owing to surface viscosity are accounted for we find, after Bous- 
sinesq, 


‘ 24 (2u+3y' +e (16) 
p= > ‘ ) 
D™ RA\8u4+3n' +e)’ 


for o = oo. The experimental results obey equation (15) rather than equation 
(16) and show that the surface viscosity is small. 
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Discontinuous velocity profiles for the 
Orr-Sommerfeld equation 


By P. G. DRAZIN 
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Simple ideas of dimensional analysis and of limiting cases are used to elucidate 
the stability characteristics of a steady basic parallel flow of a viscous incom- 
pressible fluid. The principal result is that the stability characteristics of a 
smoothly varying velocity profile for wave disturbances of small wave-number 
can be found by use of a discontinuous velocity profile. The boundary conditions 
for a disturbance at a discontinuity of the basic flow are derived, and are used to 
find the stability characteristics of broken-line representations of the half-jet 
and jet. These findings are in agreement with previous ones. 





1. Introduction 


Most work on the Orr-Sommerfeld equation involves elaborate analysis 
(cf. Lin 1955). It seems desirable to devise simpler, though possibly less infor- 
mative, methods in order to understand the nature of instability more directly, 
to teach the analysis to graduate classes, and to make it accessible to specialists 
in other fields. Such methods could aid new calculations of stability character- 
istics when the influence of variation of density or viscosity, of magnetic fields, 
or of rotating systems is considered. In this paper dimensional analysis and 
limiting cases of small Reynolds number or small wave-number will be used. The 
principal result is an interpretation and justification of the use of discontinuous 
velocity profiles for finding stability characteristics of a parallel flow of a viscous 
incompressible fluid. 

Recently, the stability characteristics of an unbounded jet (Tatsumi & 
Kakutani 1958; Howard 1959) and half-jet (Tatsumi & Gotoh 1960) have been 
found by use of expansions in the wave-number, valid when that number is 
small. In these papers the growth rate of a small wave disturbance was expressed 
essentially as an explicit algebraic function of integrals of the velocity distribu- 
tion function of the basic flow. Because only integrals of the velocity distribution 
are involved, these methods could be used for discontinuous velocity distribu- 
tions. For example, a piecewise-constant distribution could be used to approxi- 
mate the growth rate of a smoothly varying distribution as closely as desired. 
The apparent physical absurdity of a discontinuity of velocity in a viscous 
fluid will be shown in this paper to arise from a misinterpretation of a mathe- 
matical method of approximation valid for small wave-numbers. In fact, Esch 
(1957) has already used the basic velocity distribution 
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with two discontinuities of viscous stress to represent the half-jet. He assumed 
three, and then proved the fourth, of the boundary conditions at each of the 
discontinuities y, = +L. These conditions were used to join up the solutions in 
the regions yy > L, L > yy > —L, —L > yy and get the eigenvalue relation for 
the growth rate. In §2 we shall prove Esch’s four conditions at a discontinuity 
of basic velocity as well as stress. In §$3, 4 these conditions will be applied to 
broken-line representations of the velocity profiles of the half-jet and jet. The 
results are in agreement with those of Tatsumi & Gotoh (1960) and of Tatsumi 
& Kakutani (1958, 1960), 

First, we shall summarize the eigenvalue problem used to derive the stability 
characteristics, and introduce some ideas of dimensional analysis and of limiting 
cases. When a basic flow with velocity wy(yy) in the xy-direction is bounded by 
rigid walls at yy = Yx1,Yxo (where yy, and/or yy. may be infinite if the flow is 
unbounded), it is known (ef. Lin 1955) that the stability characteristics can be 
found from the eigenvalues of the Orr-Sommerfeld equation 


(Dig — 5)? Page = (Wey |V) {( We — Cae) (Dig — 5) Bie — (Dig ee) Pi} (2) 

and the boundary conditions 
tx Gy =0= Dydy for yy = Yrs Yx2- (3) 
An asterisk is used as a subscript to denote dimensional parameters and variables ; 
Dy, = d/dyy; and v is the kinematic viscosity of the fluid. The solution of the 
eigenvalue problem gives the stream function of a perturbation of the basic flow, 


assumed to be of the form 


7 


We = Px(Yx) EXP Ley (Ty — Cy te)}. (+) 
Thus, the flow is stable or unstable to small disturbances of positive wave- 
number a, accordingly as the imaginary part cy, of the complex velocity cy (x) 
'is negative or positive, respectively. 
If the velocity distribution wy(yy) is dimensionally characterized by some 
length scale LZ and velocity scale V, the Reynolds number may be defined as 


R= VL}y. (5) 


With dimensionless variables y = yy/L, w(y) = V-lwy(yy), O(y) = VIL "dy (yx) 
and parameters « = a,L,c = V-'cy, the Orr-Sommerfeld equation becomes 


(D?— a)? 6 = iaR{(w—c) (D?— a?) 6 — (D?w) d}, (6) 
and the boundary conditions become 
ap=0=Dp for y=%,Yo. (7) 


The solutions of the equation are integral functions of y, c, a? and aR (or R/). 
This leads to an eigenvalue relation of the form F(c, «?, R/a) = 0, where F is an 
integral function of c, «?, R/a. This may be written as 


c = c(a, R/a), . (8) 


which function may be multi- or single-valued or undefined for given values of 
a, Ria. 
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Weshall now take the argument applied by Drazin & Howard (1961) tostability 
of an inviscid fluid and generalize it for a viscous fluid. Let us consider unbounded 
flows only, with derivatives of the velocity distribution function tending to 
zero at infinity. These flows are of two basic types. For the half-jet type. 
Wy(— 00) + wy(co). We may choose the origin of velocity (by making a Galilean 
transformation if necessary) so that wy(—00) = —wy(00). This may change c,, 
but not c;, and hence not the growth rate of the disturbance. We then take 
V = wy(00). For the jet type, wy(—00) = wy(0); and we choose the origin of 
velocity so that wy(00) = 0. We shall not specify V for this case generally. These 
choices give 


oe ly|  (half-jet: type), 


0 (jet type ) ) 


(9) 


as y¥ > +0. 
Let us suppose L -> 0 for a fixed function w(y). Then 


wy(Yx) = Voy) = Vw(yy/L) 
_ {VY xl|Yxe|  (half-jet a 


(10) 
lo (jet type), 


because yy/L.—> +00 accordingly as +y,> 0, respectively. Also a — 0, 
R/a = const. as L > 0 for fixed ay. Therefore c > c(0, R/«) = f(V/ayv), say, and 


cy > Vf(V/ayv). (11) 


(We have assumed that the model is physically reasonable so that these limits 
may exist.) 

Consider the two limits: (a) «, > 0 for fixed R/« = V/ayv and L; (6) L>0 
for fixed a, and V/v. Each limit, (a) or (b), gives a > 0 for fixed R/a. Therefore 
each limit for fixed w(y) gives the same limiting form f(R/a) of c(a, R/x) as a > 0 
for fixed R/«. Therefore the stability characteristics cy > Vf(V/a,v) are valid 
for both the limiting profile w, when L— 0 and the original wy, when ay > 0. 
The limiting profile w, when L > 0 may have discontinuities or discontinuities 
of its derivatives. It will be shown that such profiles may be used to find the 
stability characteristics of smoothly varying profiles as ay —> 0 in this way. 

These arguments show that all profiles of the half-jet type have the same 
stability characteristics as « > 0. These characteristics will be found directly in 
§3 by use of the profile wy = Vyy/|yy| to determine f(V/a,v). Our results agree 
with those of Tatsumi & Gotoh (1960). 

For profiles of the jet type, wy, > 0 as L > 0. If wy = 0, there is no non-zero 
eigensolution of the Orr-Sommerfeld equation which vanishes at infinity. 
However, dy = const., Cy = —idyv (12) 
is a solution bounded at infinity. If this is an acceptabie limit of the eigensolution, 


oan c>—ia/R as a->0 for fixed Ria. (13) 


(Tatsumi & Kakutani (1958, equations (5.3), (5.8), (6.9)) show that in fact this 
is the proper limit, with ¢ ~ const. x exp {—[a?+iaR(w—c)]! |y|} as « > 0, the 
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square-root having non-negative real part.) In §4 we use the broken-line 
representation (° (\¥%| > H), 
Wy = 
* WV (yl < n,| 
of the jet to find a better approximation than (13). A lower branch of the curve 
of neutral stability c;(«, R/«) = 0 is found; it is of the same form as found by 
Tatsumi & Kakutani (1958) and Howard (1959) for the smoothly varying jet with 
wy = V sech? (yy/L). A second branch of similar form also is found. 
he above arguments are as valid for flows with one finite boundary as for 
flows with none. However, for flows with two finite boundaries there is an 
imposed length scale, namely, the distance between the boundaries, which cannot 
tend to zero without removing the field of flow. 
If we let V > 0 for a fixed function w(y), then wy — 0. Therefore 


(14) 


Cy —> ty Vg(ty L) 
by dimensional analysis. Therefore c ~ (a/R)g(«) as R + 0 for fixed «. If we 
may suppose that the shape of the profile wy is unimportant as V > 0, we may 
deduce from equation (12) that g(a) = —7, and 
c~ —ia/R (15) 
as R - 0 for fixed a. 

Having examined the limit a, — 0, let us put a, = 0. Then the stream func- 
tion of the disturbance Wy = ¢y(yx)exp(—o ty), for o% = iaycy need not 
vanish as ay —> 0. Then the longitudinal and lateral velocity components of the 
disturbance are respectively 

Uy = OW y/OY ye = (Dy dy) exp (—Cyty), Vy = — OYy/Cary = 0; 
it can be seen that the velocity of the disturbance is parallel to the basic flow. 
In this case with a, = 0 the Orr-Sommerfeld equation is 


1, ye, exp[+tyy(7y/r)#] (7% + 0), 
py X 2 23 
‘, Yx> Yx> Yx (O» = 0). 
If yy, = —L, yx. = L, the eigensolution satisfying boundary conditions (7) is 
either 
dy oc sin[(cy/v)t yy], a= 0, oy/v = (nm/L)? (n= 0, +1, +2,...), (16) 


or gy = const., a, =0, oy indeterminate. (17) 


Therefore 


For the former mode (16), c = —i(n7)? R/a. If yy, and/or yy,» is infinite, the only 
eigensolution is (17). 

In contrast to this, the Navier-Stokes equations for parallel flow reduce to 
the diffusion equation Duly |Oty = VO2uy/Oy2,, 


whose solution for bounded flow is 


Use Yes tye) = SX byen Sin (nTyy/L) exp (—n2n*tyv/L?), 


n=1 


L 


LI 
where byn = = | Uy (Yx, 0) sin (naryy/L) dyy; 
-L 
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and for unbounded flow the solution is 


co 
Uy (Yx, ty) = | by (Mx) exp (try Yy — NY, ty Vv) Ung, 
ao 


where by(ny) = | Uy (YR, 9) exp (—iny Yy) dy x. 


However, the above solutions of the Orr-Sommerfeld and Navier-Stokes 
equations differ when the flow is unbounded (or semi-bounded, similarly). 
The difference occurs because no enumerable set of eigenfunctions of the Orr— 
Sommerfeld equation can form a base for solutions of the Navier-Stokes equa- 
tions. In fact, a Fourier integral of solutions of the Orr-Sommerfeld can satisfy 
the boundary conditions though no single solution can. 

In our search for simplicity we shall not comment further on the relation of 
the initial-value problem to that of separate wave components. We have con- 
sidered the special case a, = 0 to see if it can shed some light on the solution 
of the Orr-Sommerfeld equation. Now all solutions of the diffusion equation 
are stable, so it might be concluded that those of the Orr-Sommerfeld equation 
give cy; < 0as ay, — 0 for fixed v. This conclusion contradicts a result of Tatsumi 
& Gotoh (1960). The discrepancy appears to be due to the breakdown of the 
assumption of the existence of a steady parallel flow wy(yy), made in the deriva- 
tion of the Orr-Sommerfeld equation. As Tatsumi & Gotoh pointed out, when 
R or a is small, no unbounded steady flow is even approximately parallel in a 
characteristic length a-!. We may add that the characteristic rate of change 
v/L? of unbounded parallel flow is not very much less than the change aycy of 
a small disturbance if R or a is small. In that case, the Orr-Sommerfeld equation 
has no physical relevance. However, mathematical knowledge of the limiting 
forms of the eigensolutions is nonetheless useful as a means to find the eigen- 
solutions at greater values of R, «, for which the Orr-Sommerfeld equation does 
describe approximately a real perturbation. 


2. The boundary conditions for the disturbance at a discontinuity of 
the basic flow 
In deducing the Orr-Sommerfeld equation (cf. Lin 1955), it is found that the 
equations of motion give 
uy = (Dy dy) exp {iay (ty —Cyty)}, Vy = — tty dy exp {tary (ey — Cy ty}, 
and, for the pressure of the disturbance, 
Py = p{(Dy wy) dy — (Wye — Cx) Dy Gy — iva, (D5, - ats) Dy bx} 
x exp {tay (ry —Cyty)}, 
where p is the density of the fluid. Therefore the components of the stress tensor 
of the basic flow and the disturbance superposed are 
Parr = Pl(We — Cx) Dy by — (Dy Wy) by + vey (Dy, + 04,) Dy by} 
X EXP {iy (Ty — Cyty)}, 
Prry = Prey = PVD _ Wy + pr{(Dy + Hq) Pah EXP {ieee (Xe — Cel}, 
Payy = Pl(wy — Cx) Dy by — (Dy We) Oy + Vey (D5, — 305,) Dy by} 
X EXD {14 (1 — Cyt y)}- 
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For stability of fluid at rest under the influence of gravity, Harrison (1908) 
supposed that these velocity and stress components were continuous at an inter- 
face where the density and viscosity were discontinuous. This method has also 
been used by Lock (1954) to deal with a basic flow under gravity with discon- 
tinuous viscosity and density distributions but continuous velocity and stress. 
For a basic flow (not under gravity) with continuous velocity but discontinuous 
stress, Esch (1957) implicitly assumed that ¢,, Dy dx, Dj.dy were continuous, 
and then deduced the ‘jump’ of Dj. dy at the discontinuity of basic stress as 
follows. If the Orr-Sommerfeld a i is integrated from yy9—€ tO Yxo+e 
across the discontinuity of Dy wy at yy = Yx%o, we find 


[Dy bn — 205, Dida] ferns + xh [Dy da]: 
= bag | (4 — C4) Da be (Daten) Dede — [Die (re — Om) Pall ee 


Therefore 
[Dy by + 1x40 "(Dy wy) Py] = 0 (18) 


as €-> 0, where square brackets are used to denote the ‘jump’, or difference 
across the discontinuity, of their contents. We shall develop this argument by 
showing that ¢,, Dy @y are continuous if wy is piecewise continuously differen- 
tiable, and that discontinuous profiles may be used to approximate the eigen- 
value cy for a smoothly varying velocity profile at small wave-numbers. In view 
of the unphysical nature of the use of the discontinuous profiles, it seems wisest to 
abandon consideration of continuity of velocity or stress when seeking the 
approximate solution of the Orr-Sommerfeld equation. (Another reason is 
that that equation itself is derived by the approximation that the basic flow is 
an exact solution of the Navier-Stokes equations.) The Orr-Sommerfeld equa- 
tion has solutions in simple terms of known functions in two cases: the solutions 
are exponential if wy.(y,) is constant, and involve Airy and exponential functions 
if wy(yy) is linear. Our aim is merely to use these simple solutions to compute 
approximate values of cy. for curved profiles, as Rayleigh did in1880 (cf. Rayleigh 
1945, ch. 21) for an inviscid fluid. 
Successive integrals of the Orr-Sommerfeld equation are 


Dig Pg — thy VW — Cx) Dg be — (Dg Wx) Oe} 


= 205, Dy by — a5 Dy by — 105, VD; (Wy — Cy) Dy, (19) 
Di, by + tty V-'(wy, — Cy) Py = 203. by — a8, Dy? by 
+ tay v'{ 2D," (wy — Cx) Dy by — 05, Dy? (wy — Cy) by}, (20) 
Dy dbx = 205, Dy) by — 04, Dz? by + tay v-{2Dy? wy Dy by 
— 2cy Dy" by — a5, Dy? (wy — Cy) dy}. (21) 


These equations suggest that Di. 4, D3. ¢%, D3,¢ become discontinuous when 
a smoothly varying function wy(yy,) tends to a discontinuous one for a fixed 
function w(y), because these differentials equal sums involving Di. wy, Dy wy 
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and wy. However, Dy dy, dy should be continuous, because they depend on wy 
through its integrals only. 

To prove this, suppose parameters 4., «,v~! and the function w(y) are fixed 
and non-zero as L >0. Further, if the flow is unbounded, suppose that all 
derivatives of w(y) vanish at infinity, so that w is bounded. 

Integrability or boundedness (though not continuity or differentiability) of 
a function of y implies the same of the corresponding function of yy in the limit 
L + 0. Therefore ¢,(y,), like 4(y), is bounded. It follows that all terms, except 
Dy? wy Dybx% possibly, of the right-hand side of equation (21) are continuous 
functions of yy in the limit Z — 0. To show that this term also is continuous, we 
need only note that 


|Dy) wy Dy bx| = V|DwD¢| < VD-|w| |Dd| < y[D> |w| |D¢| |”. 


which is bounded, because |w| and [D- |D¢| | > are. Thus, the right-hand side 
of equation (21), and therefore Dy. dy, is continuous. The integral of equation 
(21) shows that ¢, is continuous. Finally, the right-hand sides of equations (19) 
and (20) give the jumps of D3. d, and Di. dy as L > 0. Thus, 


[dx] = 9, 
Dette} ~'0, 
[D5 Pa + toy "(Wye — Cx) De] = 0, 
[Dy Px — Wey (Wy — Ce) Dy by — (Dy wy) Pxs] = 0. 


These conditions are valid as L > 0 for bounded ay, x, v~1, in the sense that the 
resultant limiting profile wy(yy) will give the same stability characteristics as 
the smoothly varying profile w(y) does for small «. 

These conditions may be applied to any flow, bounded, semi-bounded or 
unbounded, with only one length scale. However, bounded flows have an 
imposed length scale, yy.—Yy%,, Which cannot tend to zero without the field of 
flow vanishing. When the basic flow has two length scales, we may suppose H 
is characteristic of distances between regions of shear of order V/L; in particular, 
we may take H = yy.—Y, for bounded flows. Then the above boundary con- 
ditions are still valid as L - 0 in the above sense. Note that v only occurs in the 
combination a, v~!, so that it is possible to let a, H — 0 for fixed a, H*Vv— in 
this case. 

It is known (cf. Lin 1955) that bounded flows are stable as « + 0 for bounded 
aR, and that their mechanism of instability is associated with the singularity 
of the critical layer where wy(y%) = cy when «R — oo for fixed a. This mechanism 
can never be described by our conditions derived for small L, i.e. for small «. 
Thus we shall apply our conditions to unbounded flows only, for which instability 
occurs at small « and finite «f, and not bother to verify the stability of bounded 
flows for this range of a and R. ; 

We shall not consider the smoothly varying profile further in our analysis, so 
it is convenient to redefine dimensionless variables with H as length scale after 

37 Fluid Mech. 10 
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taking the limit Z > 0. Thus, with a = a,H, R = VH|v, w(y) = V-wy(yy/H), 
etc., henceforth, we get dimensionless conditions 


[¢] = 0, (22) 

[Dé] = 9, (23) 

[Dd + iaR(w—c) 4] = 0, (24) 

[D°¢ —iaR{(w—c) Dp — (Dw) g}] = 0, (25) 


for bounded «, «f at a discontinuity of w and/or Dw. 
Rayleigh’s use (1945, ch. 21) of broken-line profiles for the stability equation 
(w—c) (D?—a*) $— (Dw) = 0 (26) 
of an inviscid fluid can be justified similarly from the integrals 
(w—c)Dd— (Dw) d = «2D (w—c) ¢, 
$/(w—c) = a2D-(w—c)-? D“"(w—c) d. 


It can be seen that 
[(w—c) Dé — (Dw) 4] = 0, (27) 
- [¢/(w—e)] = 0 (28) 
at a discontinuity of w or Dw. In fact, these are the familiar conditions that 
pressure and normal velocity respectively are continuous at an interface. 


(Critical reviews of the validity of these conditions are given by Lin (1945, 
pp. 121, 221) and by Drazin & Howard (1961).) 


3. Broken-line half-jet 
If w(y) is piecewise constant, the Orr-Sommerfeld equation has solutions 


d = ety, etfy, (29) 

where B = +{a?—iaR(c—w)}4 (30) 
has non-negative real part for definiteness. In this case the boundary conditions 
(22) to (25) become [6] = 0, (31) 
[Dé] = 0, (32) 

[(D? + 6?) 9] = 0, (33) 

[(D? — 6?) Dé] = 9. (34) 


The simplest flow is that in which w has one jump; this is the Helmholtz flow 
or broken-line half-jet with 


w=ylly| (-w0w<y <0). (35) 
(In this case the basic flow has only one length scale L, but we may choose H 
arbitrarily for use in the dimensionless equations.) The most general solution 
of the Orr-Sommerfeld equation satisfying the boundary conditions at infinity 
is of the form Ae-*¥ + Be-Av 


- (y > 0),) 
— (Dew+ Hew = (y < 0),) 


(36) 
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for some constants A, B, D, HE where 
8, =+{a®-iaR(c—1)}, f, = +{a2-iaR(c+1)}4. (37) 


The boundary conditions (31) to (34) at y = 0 give four homogeneous linear 
equations in A, B, D, E. Anon-zero solution exists if and only if their discriminant 
is zero; thus the eigenvalue relation is 


p 4 1 1 1 
ia —e& —p, & Bs | 
Bite? = 2Bi  Bit+ae BF | 
 a(Bt-a?) 0 —a(ff-a) 0 | 
1 q 1 1 1 
ee Re, —P, a Bs (38) 
0 fia PE BR Aha? 


| 0 —AiAi-a%) a(}- A) BlBi-2?) 
This last equation is Egg99 = 0 in equation (4.2) of Tatsumi & Gotoh (1960). 
On evaluation of that determinant, they found 
2ae(By — x) (Bz — &) (2, + Ba) {Bi + P3— Ai P2+a(B, + Bo) + 27} = 0. 
The only roots relevant to the flow are those of 


Bit P3— Pi b2+ (Bi + Be) +a? = 0, (39) 


which is equation (4.8) of Tatsumi & Gotoh (1960). On division by a? it can be 
seen that this equation is reducible to the form (11), viz.c = f(R/a). On squaring 
(39) twice to eliminate radicals, we find a quadratic in R/a whose roots are 


Ria = —4i(c + 34i)/(34e + 2)2. (40) 
Therefore 
c = }—2i(a/R) + 347 + 2{ — (a/R)? + 2.32 (a/R)'. (41) 


The first and third + signs are ordered as those in the previous equation; the 
second is independent. It can be shown from equation (39) that the appropriate 
solution with Ref,, Ref, > 0 is given by 


c, = 0, (42) 
and c, = 4[84 — 2(a/R) — 2{(a/R)? + 2.34(a/R)}4), (43) 
or a/R = (1—3%c,)2/4(34 —c,). (44) 


This is the solution of Tatsumi & Gotoh. 


It follows that 
c~ —4ia/8R as Ri/a>0, (45) 


and c>34i as Rila>o. (46) 
Also the curve of neutral stability (c; = 0) is 

R = 4.38, (47) 
as found by Esch (1957) and Tatsumi & Gotoh (1960). 
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4. Broken-line jet 


(9 (\y| > 4) (48) 


Suppose w=: 
si li ly} <1 


The anti-symmetric disturbance with even ¢(y) is thought (cf. Tatsumi & Kaku- 
tani 1958; Howard 1959; Clenshaw & Elliott 1960; Drazin & Howard 1961) to 
be the least stable for even profiles, so we shall take the most general even solution 


A exp{—a(|y|—1)}+Bexp{—A,(\y|—1)} (yl > »)) 


$=) ,coshay , posh fry (ul <a (49) 
cosha  coshf, 
where By = + {a2 -iaRc}}, (50) 


satisfying the Orr-Sommerfeld equation and the boundary conditions at infinity. 
On elimination of A, B, D, E from the boundary conditions (31) to (34) at 
y = +1, we find 


] i 1 1 
= — By atanh a f, tanh pf, | 0 (51) 
2 9 92 2 Pw |= VU, 7) 
Bote = 2B5 Bite 7 | 
, a(Bo-x?) 0 — a(f?— a?) tanh a 0 | 


If H + o0, we see that the jet has the same stability characteristics as two dis- 
tantly separated half-jets, each with velocity difference unity, because equation 
(51) becomes (38) with f, for £, and f, for f, in the limits a, R > oo. 

In general, after discarding the trivial factors «(fy — a) (£2 — a), we can reduce 
equation (51) to 


Bo(Bot &) + (28% — B23 + 28, +x?) tanh « + «(f+ a) tanh? x 
+ (fy +a) (B3—«?)-1(f, tanh 2, — a tanh a) 
x {283 — P2-—a?+ (62—«a?)tanha} = 0. (52) 
When af -> 00 for fixed a, the inviscid limit of equation (52) gives 
3(1+tanh «)?c?+(1+tanh «)(1—7tanha)c+4tanh?ae = 0. 
This gives complex conjugate roots c when 7—4.3! < tanha < 744.33; there- 
fore there is instability only when « > tanh-! (7 — 4.32). This differs from Ray- 
leigh’s result that c = {1+7(coth«)#}/(1+cotha) when «Roo in the Orr- 
Sommerfeld equation before the broken-line profile is taken, i.e. when the broken- 
line profile is used with equation (26). It will be shown in §5 that Rayleigh’s 
result is the physically meaningful one, and that the result of this paragraph is 


useful only to elucidate the roots of equation (52) for finite eR and small a. 
When « - 0 for fixed R/x in equation (52), it can be shown that 


¢ = —i(a/R) {1+ R2 + 4R%X(a+iR) + O(a}. 


This gives stability near the origin in the («, R)-plane, in agreement with our 
g A g 
heuristic conclusion (13). 
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When R > 0 for fixed X = ah?, equation (52) gives 


c= a{4(X-1-1)-41X RA X2-3X+4)+0(R-)}. (53) 
Therefore c,(«, R) = 0 has asymptotes 
fpX?-3X+4=0. | (54) 


Thus, there are branches of the curve of neutral stability on which xR? > 1-34 
or 32-4 and c ~ 1-54a? or — 1-21a?, respectively, as « > 0. The relation (53) has 
been found by Tatsumi & Kakutani (1960), and is similar to that for the smoothly 
varying jet w = sech?y. 

If symmetric disturbances with odd ¢(y) are considered instead of anti- 
symmetric disturbances (49), it can be seen that the eigenvalue equation is the 
same as (52) except that hyperbolic cotangents replace hyperbolic tangents. 
Thus, in the limit «R > 00 for fixed «, ¢ has complex conjugate values and the 
flow is unstable if « > coth-!(7+4.3). As «> 0 for fixed aR, equation (52), 
modified for symmetric disturbances, gives 


PoP, + (285 — BG) tanh f, = O(«). 
This has limiting solution 
c= 1+2n?n?/aR, 

aR = 2n?n?/[1 —3 cosh? (nm) {1—(1—$sech?(nz))?}] (n = 1,2,3,...). (55) 
This type of behaviour, viz. c > const., «R + const. on the lower branch of the 
curve of neutral stability, has already been found by Clenshaw & Elliott (1960) 
for symmetric disturbances of the jet w = sech? y. The precise result (55) for the 
broken-line jet is new. It may be noted that these results confirm the greater 
instability of antisymmetric disturbances. 


5. Discussion 


The use of discontinuous profiles is suitable for small wave-numbers, for which 
variations of velocity of a smoothly varying profile occur in a small fraction of 
a wavelength. This use is the antithesis of the W.K.B. approximation, in which 
it is assumed that the coefficients of an ordinary differential equation are slowly 
varying. We shall not pursue the W.K.B. approximation because it is valid only 
for large wave-numbers, for which it is already known that flows are stable. 

The stability characteristics (43) of a vortex-sheet or broken-line half-jet 
give c,; = 3-4, and therefore instability, when R > co. It might be thought that 
the wavelength was the only length-scale in instability of a vortex-sheet, and 
that therefore this result should agree with Helmholtz’s that c; = +1 for all 

+ In this unpublished letter the authors pointed out that they had recently found that 


terms of order (#R)* should be included in equation (6.4) of their paper of 1958 for the 
calculation of the proper limit of c for a jet-like profile as « > 0. The term 
a(aR)3{ — 4 (6a — 13/) — 32 log 2+ 47?(3a—4/) —3(a—f) (log 2)?} 

should be added to equation (7.3) of their paper of 1958 on the stability of the Bickley 
jet w=sech*?y. This gives c/a? > 2(2X-1—1) as a > 0, when (§7?—1)X?—9X+8=0, the 
result first found by Howard (1959). It gives aR? > 0-954 and c ~ 2-192? as « + 0 on the 
lower branch of the curve of neutral stability. They also extended their results of 1958 
to other jet-like profiles. In particular they found the stability characteristics of the 
broken-line jet for small «; our equation (53) agrees with these. 
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wave disturbances of a vortex-sheet in an inviscid fluid. This superficial con- 
tradiction can be resolved by remembering that our results are not for a vortex- 
sheet but for a smoothly varying half-jet in a certain limit of small wave-number. 
We took a-> 0 for fixed R/a and then let R-> oo, and Helmholtz’s result comes 
from taking aR — oo first. The former corresponds to the origin and the latter to 
infinity in the (a, R)-plane. For similar reasons we cannot expect our eigenvalues 
(53) for the broken-line jet to be related to Rayleigh’s eigenvalues for the same 
jet in an inviscid fluid. 

The use of discontinuous profiles in §§ 2-4 is a simple tool to find stability 
characteristics for bounded «FR and small ~, but cannot be used for more. This 
limitation means that the method is not suitable for bounded or semi-bounded 
flows, which are already known to be stable in that region of the (a, R)-plane. 

Tatsumi & Kakutani (1960) have given our approximation (53) to the eigen- 
value of an antisymmetric disturbance of the broken-line jet by their series in 
ak (Tatsumi & Kakutani 1958). We presume that the complete power series 
can be shown to give our eigenvalue relation (52). Our result (55) for the sym- 
metric disturbance is in qualitative agreement with that of Clenshaw & Elliott 
(1960) for the Bickley jet w = sech? y. 

Equation (53) shows that there is instability between the two branches of the 
curve of neutral stability on which aR? > 1-54 and 32-4 as a > 0, i.e. the flow is 
unstable for values of (2, R) between these two branches. This strange result is 
not due to the broken-line profile, because similar behaviour can be found for 
the smoothly varying jet w = sech?y. Howard’s (1959) results imply that 

c, = — 2aR-3{(4n? — 1) (aR?)? — 9(aR?) + 8+ O(R-*)} 
as a0. Again, this gives instability as R— oo if 0-954 < aR? < 13-0 and 
stability if aR? lies outside that interval. The significance of these two roots does 
not appear to have been recognized by previous authors. 

We have found three branches of the curve (or curves) of neutral stability for 
the broken-line jet as R > oo. On the lowest ~R? > 1-54, on the middle ak? > 32-4, 
on the highest « > tanh-!(7—4.3?). The flow is unstable above the highest 
branch and between the lower pair. There do not appear to be any other branches 
as R -> 00, and it may be concluded that the middle joins up with the highest, and 
that «-—> oo on the other end of the lowest branch. This gives two curves of 
neutral stability, between which there is instability. However, the broken-line 
jet can tell us little of the analogous behaviour of the smoothly varying jet, 
because they do not have similar stability characteristics when aR -> 00 or a is 
not small. This discrepancy was anticipated in § 2, where it was pointed out that 
the proof of conditions (22)—(25) was invalid for infinite aR. 

For the jet w = sech?y, three branches of the curve of neutral stability are 
known at large Reynolds numbers. On the highest, «a > 2 and ¢ > sech?y as 
R-->oo. On the lower pair, «Rk? > 0-954 or 13-0. There is instability directly 
below the highest branch and between the lower pair. I am indebted to Dr J. T. 
Stuart, who in a private letter conjectured the synthesis of the above properties 
shown schematically in figure 1. The lowest branch joins with the highest, as 
supposed by Tatsumi & Kakutani (1958), Howard (1959) and Clenshaw & 
Elliott (1960). However, the middle branch may return to infinity with asymp- 
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totic behaviour aR? > constant as R > oo for 0 < p < 1. This gives a ‘minor’ 
curve of neutral stability inside the ‘major’ curve found by previous authors, 
the region of instability being between the two curves. On the upper branch of 
the minor curve «R > oo, so it might be expected that ¢ > w, c > 0, the ‘trivial’ 
eigensolution of the stability equation (26) for an inviscid fluid when « = 0. 
If this were so, the argument Howard (1959, p. 285) suggested as plausible would 
be false. He made the explicit assumption that an integration and the limit 
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FigurE I. Sketch of the curve of neutral stability of the anti-symmetrical disturbance of 
a symmetrical smoothly varying jet. Conjectured parts of the curve are denoted by 
broken lines. 


R- . could be inverted in order to show that the trivial solution was not a 
limit of the viscous eigensolution for unbounded flow; this inversion would be 
invalid if, for example, d ~ w+ R-1 exp (—y?/R?) as R > oo, and now seems so 
for the actual eigensolution. 

This conjecture of Stuart might be confirmed by the asymptotic theory of the 
Orr-Sommerfeld equation for large «R. However, the work of Tatsumi & 
Kakutani (1958), Howard (1959), and Clenshaw & Elliott (1960) shows clearly 
the occurrence and form of the most unstable disturbances of a jet, which will 
dominate the less unstable ones represented by points inside the ‘minor’ curve. 
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A stationary-phase approximation to the 
ship-wave pattern 


By F. W. G. WARREN 


Department of Mathematics, University of Sheffield 
(Received 12 September 1960 and in revised form 8 February 1961) 


Scorer (1950) has described an extension of the method of stationary phase. 
This method is used to derive an approximation to the wave pattern at large 
distances from the ship in a simple manner. The approximation is valid in the 
vicinity of the critical angle and the nature of the disturbance in this region is 
readily seen. The divergent and transverse wave systems in a critical region are 
shown, together with their variation of amplitude and phase. 





1. Introduction 


The pattern of gravity waves set up behind a ship on a steady course has been 
discussed by many writers. Hogner (1923) has given a first approximation to 
this pattern, and recently Ursell (1960) has given an asymptotic series solution 
for the critical region for a point disturbance. In this paper a first approximation 
is derived in a simpler manner. 

An integral expression for the wave motion caused by a ship in deep water 
has been given, for example, by Hogner (1923, equation (51)). The form which 
we will use here is Es 

f= Im [ yr(k) et) dk, 
-p 
where ¢(k) = coshk+4tan@ sinh 2k, and where y(k) is some function which 
depends on the shape of the ship. For the present purpose we may assume that 
p is infinite. ¢ is the surface displacement at a point with Cartesian co-ordinates 
(x, y) or polar co-ordinates (r, 7), where the z-axis (9 = 0) is drawn on the surface 
against the direction of motion. The unit of distance is U?/g, where U is the steady 
velocity of the ship. Terms of order 7—! have been omitted in this representation. 

The usual method of stationary phase gives a first approximation of ¢ in the 
region |6| < tan-!(1/2,/2) = 6,, but it fails in the vicinity of 0 = 0, since ¢'(k) 
and ¢"(k) vanish together along this line. (The dashes denote differentiation with 
respect to k.) Scorer’s method overcomes this difficulty by replacing ¢(k) with 
parabolas of the third order applied at the stationary values of ¢. This leads to 
an approximation in terms of the Airy integral Ai (z) and the conjugate integral 
Gi (z): 1 
Ai(z) +7 Gi(z) = =I, exp {i(zu + 4u)} du. 


Ai(z) has been tabulated by Miller (1946). Scorer (1950) tabulates Gi(z) for 
|z| < 10, and for larger values there is an asymptotic expression valid to the 
accuracy of the tables. 
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2. The approximation 


For this purpose the range of integration is suitably divided at k,, where 
$"(k,) = 0. The function ¢(k) has two turning points when |6| < 6, and these 
are denoted by the suffixes 7’ and D, where k, < k; < kp. The approximation to 
~(k) is then as prema 

(i) A(k) = bp t+hplk—kp)t+igp(k—kp), if k> ky, 


and (ii) pee Wn(k—kp)?+3pm(k—kp)’, if k< ky. 


Figure 1 illustrates this. The expression for ¢ is written € = €,+€p, where 


oO Phy 
or = [ and ¢p = 
k 


J hI ny f 
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Ficure 1. An illustration of the approximation to ¢(k) when |4| < 6,. The 
approximation is most accurate where the rate of change of phase is zero. 


It is assumed that y(k) is sensibly constant in the region of stationary phase, 
and we have for large values of x 


or = im" yy (k) ef dk 
ky 


io 9) 
= Im trp etre | exp {ix($hpk? + id k')} dk. 
ky—-kv 
Following Scorer (1950), we now replace the lower limit of integration by 
—¢7/¢7. This does not effect the result because the contribution from the 
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interval (k,—k,>, —$7/$7) is negligible when zx is large. We may now write ¢ 
in the form 

fy ~ Im rela ;) ex [inl s+ 5 GPa\| tai (— as) 1G (—as) 

oS & pga 3 (62)? S/ = 
where gg = (4)? [x/2(64)?]#. Hereand after where an alternative sign is attached 
to a symbol the upper wad lower sign correspond to S = 7’, D respectively. This 
approximation also holds when 7, I and D coincide for when |6| = 0,. The expres- 
sion is simplified if we write 

(k) = A(k) e'™, 

and Ai (z) +7 Gi(z) = K(z) e*, 


Scorer has tabulated K(z) and x(z) for |z| < 6. We may then write 


2 
bs ~ Aa(ge-) K(—as)sin set haht«( ~a) +a) (1 


As usual, €, and €p are called the transverse and divergent wave systems 
respectively. If the stationary phase approximations to K(—qg) and k(—qg3) are 
substituted in this formula, the usual stationary-phase Eee to Cp 
and €,, are obtained. For K(— qs) ~ (mq)? and k(—qg) ~ —2gh+ dit as dg > ©. 
By (1) we then have 


27 \3 
lg ~ A (a3) sin (¢dgxutint+a 
S S a|bs| (s 4 s) 
for large values of gg. 


The method may be justified briefly as follows. One of two conditions is to be 
satisfied. The first is that the 4 should be sufficiently small, so that both 


te et ee 


and hs) + $3] < (165017 16821 (3) 
hold. Here (2) expresses the condition that the cubic approximation to ¢ is 
sufficiently accurate in the neighbourhood of stationary phase, and (3) expresses 
the condition that the contribution from the intervals (k;—ks, —$5/¢5) are 
negligible. It is easily found that the length of this interval is O(¢%)? when the 
dg are small, so that condition (3) is weaker than (2). Hence the first condition 


may %e written ” 
. (Ps)*x2 <1. (4) 


The alternative, which is the condition for the validity of the usual method of 
stationary phase, is that the ¢% should be sufficiently large so that 


|os|Px > 1. (5) 


The regions in which the alternatives (4) and (5) hold overlap if x is sufficiently 
large, and the approximation (1) is then valid for all |4| < 0 
For values of |6| > 0,, ¢(&) has no turning point and we write 


Pk) ~ Or + Oy(k— kz) + b7 (kk), 
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for all values of k. Figure 2 shows this (cf. Hogner 1923, equation (33)). This 
approximation may be regarded as a further extension of the principle of 
stationary phase. For although here no turning point exists, the rate of change 
of phase is sufficiently small if 6 is sufficiently close to 0,. We have 


Cr =Im | o(k) eH dk 


ky 


~ Im yr, ef i} “exp {i(k + 4m 8) dk 
0 


Ve. 
=Im m( 73) elf {Ai (p)+iGi(p)}, 
I 





9,4 O,k+ Ok | Ps x 








FigurE 2. The approximation to ¢(k) when |6| > 6,. The approximation 
is most accurate where the rate of change of phase is least. 





where p = ¢;(222/67)}. A similar expression for €, holds except that the term 
in Gi(p) is prefixed by a minus sign. These results for €,, and €, may be added to 
eliminate the term in Gi(p), and we obtain 


4 
(= 20,5) Ai(p)sin{g,2+03). 
I 


This expression rapidly tends to zero as the angle @ increases. However, it is 
of interest to extend the two wave systems beyond the critical line, so that the 
manner in which the transverse and divergent wave system interfere with each 
other may be seen. The expressions for €, and €, when |6| > 6, may be written 


29 \t 
ts + 7A,(zr) K(p)sin {$2 + «(p) taj}. (6) 
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3. The wave pattern 


The surface displacement given by (1) and (6) is calculated in the vicinity of 
0 = 0, with x = 10*. It is assumed that y(k) in the region is a constant, which for 
convenience we take to be 7~!. The parameter used for the calculations is A, 


where A? = 1—8tan?0. This gives 


1+4A\! 3A (17 A) 
= 1 ee ee ee =| ies 
és = UDHs 1d) (FE) = +3 (7a) 
1—3A2\3 i 
eee (OLY 3) (ea Tal eee a 
r= 40) (Tags) > #1 ~ 3 (1A 


P A? HA (ES) . on ht 

os = —— ———(-——- | . 2 = —— ————, 
” 2.3817A \i+A)’ # 2.33{(1 — 2A2) (1—A2)}! 
The substitution y = (x/2,/2)—¥ is also made, so that for small A, 
nlx = A?(1 + fA?)/4,/2, 


and for small 7, p and gg are proportional to a7. It is interesting that although 
there is an optimum choice of axes by which the approximation is most accurate, 
a change of origin shows that the critical line is fixed only in direction. This is 
illustrated by the extent of the region where the surface displacement is O(2~*). 
Ursell (1960, pp. 429, 430) has shown that this region extends to a distance O(z) 
on both sides of the critical line. Here it is shown by the form of p and gq. For 
example, outside the critical line, for values of p less than about 1 (or for values 
of 7 in the range 0 > 7 > — 42°), Ep, Sp and ¢ are comparable with ¢,. For small 
values of A a series expansion is made; and for points just within the critical angle, 
we have 


2 2% 
by rl saa” )x{oa +3A4 348) 


A? 61 A2xt 
in 1 (38 ae NA 7 cece 2 2A2 
«sin {() (1+ r +5764 eee (14+ 3A4+2A |}. 
The variation of amplitude and phase with 7 for the divergent and transverse 
wave systems is shown in figure 3. ¢7, €p and € may be written in the forms 


C50 Bysin {3(d7 + bp) x + €s}, 
and Co Bsin{h(or+hp)x+e}, 


so that ¢ is the phase of the combined wave system with respect to the curve 
or+p = const. Bhas a maximum of about 1-09 at y + 13, a minimum of about 
0-06 at 7 = 28, and at y = 0, B = 0-71. Since the amplitude By, and the phases 
€g of the two wave systems are comparable with each other in the vicinity of 0., 
the phase of the resultant wave system changes rapidly in regions where €,, 
and €, are opposed, that is, in regions where é7 + €p = 7. Ursell (1960, figures 2—4 
and p. 431) shows this and explains this in terms of the zeros of the Airy integral. 
Here in figure 4 it is shown by a bend in the curve of zero surface displacement in 
the region of 7 = 28. Figure 4 also shows the two wave systems extended beyond 
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the critical line. Here the amplitudes of both waves steadily decrease and the 
crests of one system rapidly approach the troughs of the other. 

The general character of the results is similar to those of Hogner (1923) and 
Ursell (1960). However, differences in detail are to be expected since a different 
form of ¢ is used here. There is a corresponding difference in y, but this is not 
taken into account since the nature of yr depends on the ship, as does the nature 
of the waves. This partly accounts for the difference between Hogner’s curves of 
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FIGURE 3. Curves of amplitude and phase for the divergent and transverse wave systems 
in the critical region for xz = 104. The amplitude of both systems are comparable with each 
other, but the variation of amplitude and phase is more rapid for the transverse waves. 


the divergent and transverse wave amplitudes and those shown in figure 3. There 
is also another reason for this difference. Hogner defines ¢, and ¢, differently 
from their counterparts in this paper. In effect the values ¢,,and €, are augmented 
and diminished respectively by an integral taken along a path in the complex 
k-plane from the point &; on the real axis to —i0o. The contours of the system, 
not shown here, are similar to those given by Ursell (1960, figure 4). Ursell 
derives for € a full asymptotic development whose form remains unchanged 
across the critical line. However, the simplicity and directness of the method 
described here have obvious advantages if a first approximation is required. 
Further, when 7/(k) is variable the method quickly gives an idea of the magni- 
tude of the transverse and divergent waves over the whole wave pattern. Thus, 
for ships of broad beam moving at slow speeds, the transverse waves dominate 
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the pattern, but for slender high-speed craft the divergent waves are most 
prominent. For example, 


y= exp| ~ [ye cosh k— 7% cosh & sinh ||| (7) 
‘J 
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FicurE 4. Crests and troughs of the two wave systems in a critical region in the vicinity 
of x= 104. Curve of zero surface displacement are shown as broken lines. These curves 
turn sharply in the region of 7 = 28, where the two wave systems are opposed, because 
the two systems have nearly equal amplitudes. Beyond the critical line the amplitudes of 
both systems are equal and decrease like 97~1. Here the troughs of one system rapidiy 
approach the crests of the other and the resultant surface displacement dies away extremely 
rapidly, like (yx)-* exp (—cy'x-t), where c is a constant; but for values of 7 in the range 
0>7>—4at, €,, ¢, and ¢ are comparable with ¢, (= ¢ for 0 =8,). 








re 


Relative wave amplitude 


wh 
Fo 


am 








An approximation to the ship-wave pattern 591 
represents a “forcive’ whose strength at any point is proportional to 
(a2 + x?)-1 (b2 + y2)1 
This forcive is of infinite extent, but beyond certain points its effect is negligible, 


and expression (7) therefore represents a disturbance whose beam-length ratio 
is b/a. If the ship is moving at an angle of yaw /, (7) becomes 


p(k) = exp| —7 T J cosh k |cos 8 —sin # sinh dl 


x exp |- = cosh k |sin £ + cos # sinh al. 
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Ficure 5. Variation of the amplitude of the transverse and divergent waves for a slender 
high-speed craft, whose beam-length ratio is 1:10. (a) For no yaw, 8=0. (b) Lateral 
motion, £ = 42. This also illustrates the nature of the relative wave amplitudes for a slow 
moving broad-beamed ship. 


In particular for points at 0 (9 > 0) well within the critical angle, this gives 
expressions for the amplitudes of the transverse and divergent waves which 
are proportional to 


exp|-a a'( te) ose +2 sin (AS all exp[ —0°(4238)' sin £ 
~Je080(7=5)'] (328 Al (Ax), 


3 $ 
where a’ = og (5) , v= og (3) j 














U?\2 2 
For corresponding points at — 0, we obtain the same expressions for the wave 
amplitudes except that f is replaced by — #. The relative amplitudes for £ = 0, 
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2 = 4rare shown in figure 5, where values of a’ = 1 and b’ = 0-1 have been taken. 
It shows that for such a craft moving ahead at high speed, the divergent waves 
are most prominent, whereas a broadside current produces mostly transverse 
waves. 

An interesting case arises when f = tan! ,/2 = 543°, i.e. when the ship lies 
parallel to the wave crests at the critical line, for then the largest wave amplitudes 
occur. For negative 0, very large divergent waves occur which dominate the 
pattern. When || is smaller or when @ is positive, however, transverse waves of 
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FIGURE 6. Variation of the amplitude of the transverse and divergent waves for a slender 
high-speed craft whose beam-—length ratio is 1:10, for an angle of yaw f = tan—}1/ 2= 543° 
and x= 104. Here the centre-line of the ship is parallel to the wave crests at the critical 
line on the after port side. 


smaller amplitude are most apparent. Figure 6 illustrates this. These results are 
similar to those of Scorer (1956a,b), where lee waves caused by direct and 
oblique airflow over an isolated hill are discussed. 


I would like to express my warmest thanks to Dr Scorer for suggesting this 
problem and for his very valuable help and encouragement during all stages of 
this work. 
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Boundary-layer flow at a saddle point of attachment 


By A. DAVEY 


Department of Mathematics, University of Manchester 
(Received 5 December 1960) 


This paper is a study of the flow of a viscous incompressible fluid in the immediate 
neighbourhood of a saddle point of attachment, near which the external flow is 
irrotational with components {ax, by, —(a+b)z}, where a > 0 > b. It is shown 
that the flow is of a boundary-layer character, and that part of the boundary- 
layer flow is reversed when b/a < —0-4294. 

On the assumption that such flows are physically plausible, the problem may 
be solved for all values of b/a > —1. Even in the limiting case b/a = —1, an 
effect of the boundary layer is everywhere to draw fluid towards the wall, so 
that vorticity is still convected towards the wall. 

Numerical solutions have been computed, and some of the results are presented 
in the tables and diagrams. 





1. Introduction 


When a viscous fluid flows past a body which is simply connected and has a 
smooth surface, the fluid velocity at a small distance z from the surface is 
ez + O(z"), where € is tangential to the surface S of the body. In fact we denotes 
the skin-friction vector, that is the tangential component of the stress acting on 
S, where is the coefficient of viscosity. A point of the surface at which € = 0 is 
a stagnation point of the flow and is a ‘singular’ point of the system of skin 
friction and vortex lines on S. Such points may be classified into two types, nodal 
points and saddle points. Moreover, these points are said to be points of attach- 
ment or separation according as the fluid near the stagnation streamline is 
moving towards or away from the surface. 

The range of possible patterns of skin friction and vortex lines on such a surface 
is subject to a topological law, namely, that the number of nodal points must 
exceed the number of saddle points by 2. A proof of this theorem is given in the 
Appendix to this paper, together with definitions of the different types of singular 
points. 

It suffices to say here that for a stagnation point of attachment P of a stream- 
line from far upstream, where the flow is irrotational, we may express € inthe form 
(ax, by), where P(x, y) is the tangent plane at P and 2, y are Cartesian co-ordinates. 
Points P such that both a and 6 are positive are nodal points of attachment, 
points P such that one (and only one) of a, b is negative are saddle points of 
attachment, provided a+b > 0. Saddle points of the flow may in some cases be 
related to the geometrical saddle points of the surface of the body, as will be 
discussed later. In general boundary-layer theory is not applicable at stagnation 
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points of separation, since at these points vorticity is not convected towards 
the body’s surface. 


In the neighbourhood of a stagnation point of attac’ . however, the flow 
of a viscous fluid is of a boundary-layer character ev ‘oderate Reynolds 
numbers. Solutions fc» the flow at two-dimensional ana ..... _y sametrical stagna- 


tion points of attachment indicate that the additional terms in the full Navier— 
Stokes equations are identically zero, provided that the curvature of the body is 
so small that the surface may be taken to be plane. For the flow at a three-dimen- 
sional nodal point of attachment (Howarth 1951) it is also known that the 
boundary-layer equations yield similarly solutions which are full solutions of the 
Navier-Stokes equations. 

The work of Howarth is important here in that he shows that with a suitable 
choice of orthogonal axes (a, y,z) the mathematical solution is the same as if the 
surface were plane, with the z- and y-axes in the plane, and with the external 
flow given by {ax, by, —(a+b)z}, where a and 0 are positive constants. 

The purpose of this paper is to discuss the flow near a stagnation point which is a 
saddle point of attachment. Here again the solution, with suitable choice of 
axes, is the same as for the problem with a plane surface, in which lie the x and y 
axes, with the external flow given by {ax,by, —(a+b)z}, but where now 
—a <b < 0. The case b < —a would correspond to a saddle point of separation, 
but it will be shown in $5 that the equations cannot then be solved. 

Saddle points of attachment will occur on suitably shaped bodies placed in a 
uniform stream or, more practically, may occur for instance between the wing 
of an aeroplane and an engine mounting, the flow at which may affect separation 
of the laminary boundary layer over a larger area of the wing. 

The present work and that of Howarth only holds near stagnation points for 
which the external flow is irrotational. It is hoped to extend the treatment in a 
later paper to discuss cases when the external flow possesses vorticity. 


2. The flow past a wavy cylinder 
As mentioned in the Introduction of this paper, it is possible for the inviscid 
flow at a stagnation point to be a saddle point of attachment. For an example 
of such a case let us consider the flow of an inviscid uniform stream past the 
cylinder r = 19(1 +e cos Az), 
as shown in figure |. We choose € very small and use z to measure distance parallel 
to the axis of the cylinder, the uniform stream being perpendicular to this axis. 
The potential ¢ of the inviscid flow satisfies Laplace’s equation V7¢ = 0. 
We seek a solution of the form ¢ = ¢,+6¢,+ O(e?), where 4, and ¢, are indepen- 
dent of e. Now ¢, is the potential for flow past the cylinder r = 79, so that 


2 
go = -U|r+%l cos 0. (2.1) 


Now Vig, = 0, (2.2) 
and on the wall we require 
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where y is the angle between the normal to the surface and the radial direction, 
since the component of velocity normal to the wall vanishes. 
Since y = O(e), we have 


09 , Oy 

oO gee Ofer 2.3 

Or. or () = 
when r = 79(1 +€cos Az). Thus 

” i Ody, - 
— U{1 —(1+€ cos Az)-*} cos 0 + e-—— = O(e?), 
or 
0 
whence | = 2U cosAzcos@. (2.4) 
r r=Po 


Hence we seek a solution of (2.2) of the form ¢, = ®(r) cos Az cos 0, and we obtain 
?, = {AL (Ar) + BK,(Ar)} cos Az cos 0. 


Q(r, 6 


Figure 1. Flow past the cylinder r = r,(1+€ cos Az). 





Ar 
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Since J,(Ar) ~ Gna we take A = 0so that the outer boundary condition may 
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r)3 
be satisfied. Then (2.4) gives B = 2U/{AKj(Ar,)}, so that 


_ 2UK,(Ar) ‘ 
¢, = AK (Are) cos Az cos 8. 


Thus the velocity components (w,, u,, ug) are given by 


2UeK,\Ar) . 
u, = —- —,~-— sin Az cos 8, 
ss Ky (Aro) 
= — 0/18) 0000-4 eee?) con Ae coe 
‘, = ut “tH cost + Karo) cos Az cos 0, 
_ © 2UeK,(Ar) . .. 
= —} sin 0 — —— — cos Azsin 0. 
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Nowsetz = 7/A+2Zandr = r)(1—¢) +? where, for given ¢, 2 and? are arbitrarily 
small, so that to the first order in 2 and ? the flow near the geometrical saddle 
point z = 7/A, r = r,(1—e), 0 = Ois given by 


im 2UAEK, (Aro) , 


ecg 2.5 
Us Kiar,) (2.5) 
Ui. .. 2UAeK"(Ary)) » ; 

ee a HU AEN (A79)| » 2. 
U, * + 66) + Kiar) |" (2.6) 
of get 27 
Us = ie (2+ 4¢)+ eK (Ary) 0. (2-7) 


Since K,(Ary) > 0 and K}j(A7_) < 0 for Ary > 0, these equations show that the 
flow has a saddle point of attachment at the geometrical saddle point 


3. The flow near a singular point 


Howarth (1951) obtained equations for the boundary-layer flow over a general 
curved surface S. He used a triply-orthogonal co-ordinate system (&, 0, ¢), 
such that £ = constant and 6 = constant represent developable surfaces formed 
by the normals to the lines of curvature of S, and € = constant represents a sur- 
face parallel to S. 

In fact the restriction to lines of curvature is unnecessary, as Howarth’s 
equations are valid for any orthogonal system of curves £ = constant, 8 = con- 
stant on S, as shown by Squire (1957). 

Let us choose such an arbitrary system (&,0, €) and suppose that the length 
elements are h,d&, h.d0, h,d€ in the &, 0, € directions. Here h, is by definition a 
function of €alone, so that we may seth, = 1 and use ¢ to measure distance from S. 

If wu, v, w are the velocity components in the £, 0, ¢ directions, respectively, 
the boundary-layer equations (assuming that h,, h, and all their first derivatives 
are not large) are as follows: 

1 op du 


iiandMaer % aaé (3.1) 


ou : U Cu i: v ou m ou 
Tee Gee 7 ant ae 
ot h,o& hod a 





ov wudv. v dv ov . lop dé 
og Oe oS ae Ri ee, 3.2 
fie ne 2 Ce ee ae oe 
low lov ow 
2 ae a ceil, 3.3 
7 ia ee ee -a) 
1 Oh, = 1 oh 
Here K,=-<>~ and K,=-~-~-~ 
wo 1 Tha Oh OO hy 00 


are respectively the geodesic curvatures of the curves = constant and @ = con- 
stant. 

In equations (3.1), (3.2) and (3.3) the values of h,, h., K, and K, may, to the 
orders of approximation involved, be taken in the surface S. The pressure p is 
supposed to be prescribed by the inviscid flow, as its variation across the boun- 
dary layer is negligible. 
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Now let P be a stagnation point of attachment of the flow over S. Choose the 
co-ordinates (&, 7, €) such that at P, £ = 0 = € = Oandh, = h, = 1, and such that 
the boundary-layer equations hold in the form (3.1) to (3.3) near P. 

If the mainstream has velocity components U, V, then, by irrotationality, 


hae —h, 2 Ve i = 0, (3.4) 
so that near P, neglecting terms of O(£, 4), 
eV _oU = 0, (3.5) 
of 06 


Thus, if we choose our co-ordinate system (£,4) on the surface so that near P, 
U = A€, then also V = BO, where A and B are constants. In equations (3.1) 
to (3.3), the terms of lowest order near P are obtained by neglecting the curva- 
ture terms and replacing h, and h, by 1. Moreover, to the same order of approxi- 
mation, we may suppose the surface to be plane at P with € measured normal 
to the surface so that in the neighbourhood of P the ¢-, 0-, €-axes are rectangular. 

We now re-name these axes—P(£, 0, €) becoming P(x, y,z)—and set A& = ax 
and Bé = by. Hence, as might have been expected, we see that a first solution to 
the problem is the flow bounded by the plane z = 0 with an external velocity 
fax, by, —(a+6)z}, where P(x,y,z) are rectangular cartesian co-ordinates. We 
do not consider the case when a and b are both negative, which would be appro- 
priate for a nodal point of separation. Hence one 0% a and b is positive and we 
shall take the greater of these to be a > 0. 

Howarth (1951) showed that the velocity components (wu, v, w) referred to the 
axes P(x, y, z) may be taken in the form 


u = axf'(n), v=byg'(n), w= —v{af(n)+bg(y)}/a4, (3.6) 
where 7 = a4z/v? is the dimensionless distance from the surface. Equation (3.3) 
is then satisfied, and equations (3.1) and (3.2) become 


f" + (freg)f" + (1—-f?) = 0, (3.7) 
g” +(ft+eg)g” +ce(1—g’?) = 0, (3.8) 
where c = b/a. 
The boundary conditions for (3.7) and (3.8) are 
f=9=f'=g9 =90 when y= 0.) (3.9) 
fi>lgwal as yoo. j 


The solution given above leads to a solution of the full Navier-Stokes equations 
of motion, as the variation of pressure across the boundary layer can be deter- 
mined from the z-momentum equation. When c = 1 we have f = g, and this 
gives the flow at an axi-symmetrical stagnation point. When c = 0, we have 
b = 0 and the flow is that in the neighbourhood of a two-dimensional stagnation 
point, as on a cylinder in a uniform stream perpendicular to its axis. 

For intermediate values of c the velocity profiles given by f’(7) and g’(7) are 
of a boundary-layer type, as shown by Howarth who, in his paper, calculated 
these profiles for c = 0-25, 0-50 and 0-75, besides giving the already known solu- 
tions forc = Oandc = 1. 
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4. The flow near a saddle point of attachment 


In his paper Howarth (1951) stated that the solutions of f(y) and g’(y) for 
c < Omay be found from 


f(a, —¢) =f(9,¢), 9, —¢) = —9(7, ¢), 


but these equations are incorrect since they do not satisfy the boundary condi- 
tion at infinity. Thus solutions with c < 0 cannot be found from Howarth’s results. 

The component of velocity normal to the surface near the stagnation pvint 
is {—a(1+c)z}, which is negative when c > —1; in the corresponding viscous 
flows the vorticity is therefore being convected inwards at the edge of the 
boundary layer. Thus it is likely that the conditions at infinity can be satisfied 
only whenc > —1, and that equations (3.7) and (3.8) will then have solutions of a 
boundary-layer form. Values of c between 0 and — 1 correspond to saddle points 
of attachment. 

A flow with 0 > c > —1 can occur when an otherwise uniform stream flows 
past a suitably shaped body, as was shown in §2. It is desirable therefore to 
obtain quantitative results from equations (3.7) and (3.8) when c < 0, with the 
boundary conditions (3.9). These equations were integrated using the Manchester 
Mercury Computer. To solve the two-point boundary-value problem a special 
integration programme was written and solutions for f(y) and g(y) and their 
derivatives were obtained, for different negative values of c, correct to three 
decimal places. 

For a certain range of integration the programme evaluated the dependent 
variables at specified subintervals of the range and an auxiliary routine was used 
to tabulate the results. The integration programme used the Runge-Kutta 
process with an error per step of order h®, where h is a step length. To ensure a 
given accuracy in each subinterval of size d say, the results of using first p sub- 
steps and then p + 1 substeps were compared. If these differed by less than a pre- 
assigned small quantity the machine proceeded to the next subinterval. Other- 
wise p was increased until agreement was obtained or until there was no further 
improvement. 

For each value of the parameter c the corresponding values of s = f”(0) and 
t = g’(0) had to be determined so that when the equations were integrated out- 
wards from the origin the solutions had the correct asymptotic behaviour. 

It was found that for each specific value of ¢ there existed a line of points 
(s, t) all of which gave solutions satisfying the outer boundary conditions. Thus 
the solution is not unique and it was found that the end-point of the line, which 
was semi-infinite in extent, was the one that made f’(7) and g’(7) approach unity 
from below more quickly than any other solution without either ever becoming 
equal to unity. These solutions (for different c) were taken to be the correct ones 
as they gave most rapid approach to the outer boundary condition, minimizing 
the boundary-layer thickness. These solutions are the ones whose asymptotes 
are derived solely from exponential terms. 

Let us determine for large values of 4 the asymptotic solutions of equations 
(3.7) and (3.8). 
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Let a= lim (y—f), £ = lim (y-g), 


> 00 n> 
and put f = y-a—-H,g = y—-f-K. Thenif 
F = H'(yn)=1-f’ and G=K'(y)=1-9, 
the result of linearizing (3.7) and (3.8) is 
F" —{(a+ Be) —9(1+c¢)} F’ —2F = 0, (4.1) 
G” —{(a+ fc) —4(1+c)} G’ —2cG = 0, (4.2) 


where primes denote differentiation with respect to 7. 
Now choose a new independent variable 


, i t{n- (7) (c > —1), 


l+e 
where k =: (1+c)? which is > 0, and (4.1), (4.2) become respectively 


9 
nd ns en — 0, 4.3) 
lll l+c (4.3) 


The asymptotic solutions of (4.3) and (4.4) then give 
1 om es, A,e-3x x2 (1+¢)+1} {1 ae o(1)} + B, y+ {1 oe o(1)} (4:5) 
l—g' ~ A,e3x? yi2eiate+1} {1+0(1)} + By x%/A+ {] + 0(1)}. (4.6) 


The values of A,, A,, B,, B, will depend upon the position of the point (s, ¢). 
In order to satisfy the boundary conditions at infinity, we must have B, = 0 but 
(since —1 < ¢ < 0) B, is left arbitrary. 

Thus there will be a curve in the (s, t)-plane given by B, = 0 and the solution 
which apprcuches its asymptote most rapidly will be obtained from that point 
(s*, ¢*) of the curve which makes B, = 0. The solutions which arise from points 
of the curve B, = 0 on one side of (s*, ¢*) will make B, < 0, and so g’ would ap- 
proach its limit from above, whereas those on the other side will make PB, > 0, so 
that g’ remains < 1. Thus, for each value of c the required point (s*, ¢*) is the 
intersection of the curves B,(s,t) = 0 and B,(s,t) = 0. 

A special subprogramme was written for the Mercury Computer to determine 
the appropriate points (s*, ¢*) as accurately as possible. For each case s* was 
determined to 8 places of decimals and ¢* to 5 places. 

When c is slightly negative the solutions for f and g resemble those with c > 0. 
As c decreases g”(0) decreases so that the skin-friction along the y-axis is reduced 
as c becomes more negative. When c = —0-4294 one finds that g’(0) = 0, indi- 
cating that there is a tendency for some of the flow to reverse its direction. When 
c < --0-4294 reversal of the v-component of flow does in fact occur. However, 
the velocity profiles given by f’(y) and g‘(7) are still of the same character as 
velocity profiles in two-dimensional boundary-layer flows with separation. 

When c = —1 solutions satisfying the outer boundary condition are still 
obtainable, the amount of reversed flow is greatest and the greatest value of 
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—g'(y), the backflow velocity, is roughly 0-33. For this case (c = — 1) equations 
(4.1) and (4.2) take the form 
F*’ +(f8—a)F’ —2F = 0, (4.7) 
G" + (B—a)G’ +24 = 0. (4.8) 
4 cj 
B,=0 
\ B,=0 ¥ 
\ f 
\ P 
merul with _ \ 2 
g’—1 from above \ y 
\ if 
ewer > 8 
B2<0 Ke 
AAS 0 Bo=0 
a 
ra Solutions with 
i <.___—__ 
oa : : 
oS g’—1 from below 
7 








FiGuRE 2. The (s, ¢)-plane. 


Moreover, it was found from the numerical integration of (3.7) and (3.8) that 
when c = —1, B—a = 2,/2 to 5 decimals. Hence the asymptotic solutions are 


1—f’ ~ Aye~@+v2 {1 + 0(1)} + By e2-V2"{1 + 0(1)}, (4.9) 


1—g’ ~ A,e~V"{1 + 0(1)} + Baye-V2" {i + o(1)}, (4.10) 


and the appropriate ones, for the same reasons as before, are given by B, = B, = 0. 

Thus even when c = —1 equations (3.7) and (3.8) still yield solutions which 
satisfy the Navier-Stokes equations for the flow over an infinite plane with an 
external flow (ax, —ay, 0). The three-dimensional boundary-layer displacement 
thickness which we define, in accordance with Lighthill (1958), to be the thickness 
of that layer which when attached to the original surface modifies the inviscid 
flow outside it by the same amount as the boundary layer, is now infinite and 
for large values of 7 we have w = —2(2av)t. When 7 is small 


w~ —vba{f"(0)—g"(0)} 9°, 


so that the negative value of g”(0), which indicates a reversal of flow, contributes 
to the flow towards the surface and so opposes the spreading of vorticity away 
from the surface. Thus a boundary-layer type of flow is still possible. 

Solutions of equations (3.7) and (3.8) with the boundary conditions (3.9) were 
obtained for thirteen different negative values of c > — 1 and some of these 
results are given in §7, which contains the numerical results. 

Finally we give the appropriate formulae for the various boundary-layer dis- 
placement thicknesses for general c. Since w = — (af +bg)/a, we have for large 7 


w = —vHa(y— x) +b(y—f) +0(1)}/al, 
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where « and f are as defined earlier. Hence the three-dimensional boundary- 
layer displacement thickness J, at the saddle point is given by 


vt (a+op 
at \ l+e ; 


6, = (4.11) 
The two-dimensional boundary-layer displacement thicknesses 6,, 3, in the 2-, 
y-directions respectively are given by 

at [” 


>on 


(1—f’)dy = lim (y—f) = 2, 
” 


ys Jo 


Se 
II 


as ss : 
op OY [ (1—g’)dy = lim (y-g) = P. 
“ v0 n> © 


Some values of 4), 4,, and 6,, are tabulated for different values of ¢ in table | 
of §7. 


5. Insolubility of the case c < —1 

When c < —1 the external flow has w = —a(1+c)z so that w > 0. Hence in 
the corresponding viscous flow it seems likely that vorticity will beconvected 
away from the surface into the mainstream. Because of this we expect conditions 
at infinity to he upset, and we prove below that no solutions of (3.7) and (3.8) 
exist which satisfy all the boundary conditions (3.9). We restrict our attention 
to the existence of solutions f and g which possess derivatives of every order at all 
points in the range 0 < 9 < ©. 

Lemma 1. No solution g’(7) exists which has a stationary value of | for finite 7. 


Proof. Equation (3.8) may be re-arranged in the form 
g" = c(g’2—1)—(f+cg)Q”. (5.1) 
Suppose for 7 = 7, we have g'(7,) = 1 and g"(7,) = 0. Then it follows from (5.1) 
and the derivatives of this equation that g” and all higher derivatives are zero 
when 9 = 7, hence g’ = 1. The boundary condition g’(0) = 0 is thus not satisfied 
and the Lemma is proved. 


Lemma 2. When c < 0 and g’ has a stationary value then if |g’| < 1 it is a 
minimum and if |g’| > 1 it must be a maximum. 


m "9 


Proof. If g’ has a stationary value, then g” = 0 at this point and g” = c(g’? — 1) 
by equation (5.1). 

Thus ifc < Oand |g’| < 1,g” > Oso thatg’ isa minimum. Ife < Oand |g’| > 1, 
g” < Oand g’ isa maximum. 

Theorem 1. There is no solution g’(y) when c < —1 such that g’ > las y> ~, 
with |g’| < 1 for all 7 > yo. 

Proof. Suppose if possible that such a solution g’(y) exists. By lemma 2, since 
\9’| < 1,9’ has for 7 > 9) at most one stationary value because one cannot have 
two consecutive stationary values which are both minima. 

Also since g’ > 1as 7 > coand |g’| < 1 forall > 7) theng” must be positive for 
all sufficiently large 7. 
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Moreover f+cg ~ (1+c) will, fore < —1, be negative for all sufficiently large 
n. Hence (5.1) gives g” > 0 for all sufficiently large 7. Since g” > 0 this contra- 
dicts the assumption that g’ > 1 and so no such solutions exists. 

Theorem 2. There is no solution g'(7) when ¢c < —1 such that g’ > 1 as 7 > «@, 
with g’ > 1 for all y > 7%. 

Proof. Similar to that given in theorem 1. 

Lemma 3. If, when ¢ < —1, f+ceg < 0 for all 7 > 4, and g"(7) vanishes for 
Y= 1;No,--- With 9 < 9, < Yo < ..., then the sequence g’(7;) does not tend to 
lasi>o, 


Proof. Multiply (5.1) throughout by g’(y) and integrate between 7, and ¥,, 
where g”(7,,.) = g"(y,) = 0 with 9 < 9, < 7, 


Then iat : - 
[39""]7: = Zel(g’? — 3g’) ]h—A, (5.2) 
where A = [° (f+ceg)g"*dy. 
Ne 


Since f+cg < 0 for all 7 > 4, A is negative and (5.2) gives 


(9° — 39'),, > (9° — 39')»,- 


As g’ = 1 makes (g’*— 39’) a minimum when regarded as a function of g’, 
we therefore cannot have g’(7;) > 1 as 1 > 0. 

Theorem 3. Equation (5.1) or (3.8) has no solution satisfying g’(7) > 1 as 
9 > co whence < —1. 


Proof. Suppose if possible such a solution g’(7) exists. Then it follows from 
theorems 1 and 2 that g’ must take values on both sides of 1 as 7 - oo. Hence 
there must be a distinct sequence 7; with 9;,, > 9; and lim 7; = 00 at which g’ has 

ico 


stationary values. Since f’ + cg’ > 1+c < 0 we can choose 77) such that f+cg < 0 
for all 7 > 9. Then by lemma 3 the sequence g’(7;) does not tend to 1, contrary to 
hypothesis. 

We might note that theorem 3 disproves the existence of mathematical solu- 
tions of equations (3.7) and (3.8) with the boundary conditions (3.9), whereas 
lemma 1 and theorem 1 in themselves are sufficient to disprove the existence of 
solutions which are physically plausible. 


6. Physical interpretation of the results 


To what extent does one have fluid flows with saddle points of attachment 
which may be quantitatively explained by our results? Also, how useful a guide 
are our solutions, when it is remembered that we used a mainflow which was a 
linear function of the co-ordinates, so that our solutions are only applicable in 
the immediate neighbourhood of the stagnation point ? 

The possibility of saddle points of attachment occurring in inviscid flows was 
demonstrated in §2. Consider now a body, symmetrical about the planes x = 0, 
y = 0, possessing two protuberances as shown in figure 3. Here the z-axis is 
normal to the body at Z, and the (x, y)-plane is the tangent plane at Z,, the y-axis 
lying in the plane of the paper. 
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When this body is placed in a uniform stream U,, parallel to the z-direction 
there will be nodal points of attachment at the protuberances if the rest of the 
body is slenderly swept back. If the curve C, the intersection of the surface of the 
body with the (y,z)-plane is indented only slightly between the nodes, there will 
be a saddle point of attachment at Z,. The flow in the neighbourhood of Z, will 
be given by the solution of equation (3.7) and (3.8) for some value of c between 0 
and — 0-4294. 

In figure 4 the full lines give the mainflow in the y-direction near the nodes 
and the saddle point, where it depends linearly on y. It is reasonable to suppose 





Ficure 3. Flow past a body with two protuberances. 
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FicurE 4. The external velocity in the y-direction. 


that between these points the mainflow may be extrapolated via the dashed 
lines. These would not cross the axis, for if so, we would have more nodes and 
saddles but we are explicitly considering a saddle point of the flow and its two 
adjacent nodes. In this case, where the flow near Z, is given by equations (3.7) 
and (3.8) for some value of c between 0 and —0-4294, the pattern of the skin- 
friction lines on the surface of the body is as shown in figure 5. 

Two cases are possible according as to which direction the skin-friction lines 
at Z, and Z; are tangential. A general guide is that they will be tangential to the 
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direction of greatest principal curvature at these points, which direction will 
depend on the shape of the protuberances. The topography for the two cases is, 
however, essentially unchanged save near these points, and we illustrate the 
case when the protuberances extend more in the z-direction than in the 
y-direction. 

















FiGurE 5. The pattern of skin-friction lines when the flow near Z, is given by 
equations (3.7) and (3.8) for a value of c> —0-4294. 


Now suppose we bend the curve C in figure 3 further inwards at Z, so as to 
increase the inflow in the y-direction towards Z,. Then the corresponding value 
of c, appropriate to the flow near Z,, will diminish and if the inflow towards Z, 
is great enough the flow would reverse its direction along and near to the y-axis. 
It is possible that if this happened the backflow would spread causing additional 
saddle points of attachment Z, and Z, (at which there was no reversed flow) in 
the flow very close to the surface and in the skin-friction lines, the original saddle 
point having changed into a node so that the new pattern is as in figure 6. Note 
that in the region shown here the excess number of nodal points over saddle 
points is unchanged as required (see Appendix). 

Since streamlines from far upstream now attach themselves at Z, and Z4, the 
surface flow near Z, is considerably altered, however, the general structure of 
the flow is readily inferred on examining figure 6. The lines SS through Z, and 
Z,, will be lines of separation of limiting streamlines and the line 4A through Z, 
will be a line of attachment. One infers that fluid separates, in the form of bubbles 
from the lines SS, the surfaces of separation curling over as fluid falls down the 
‘back’ of the saddle and attaching themselves to the line 4A. This means that 
mainstream fluid which approaches the body between the streamline surface: 
through say the stagnation streamlines which attach themselves to Z, and Zs, 
falls off the ‘back’ of the saddle, rotates, and stretched away like a vortex in a 
clockwise direction viewed from figure 7. Similarly another vortex rolls away 
on the other side of Z, in an anti-clockwise direction. 

The presence of the vortex bubble may invalidate the assumption that the 
flow near Z, is of boundary-layer nature, and so solutions of equations (3.7) 
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and (3.8) for values of c less than — 0-4294 may be only of theoretical interest. 
Wken one has flow over a semi-infinite plane, the only singularity being the 
saddle point, backflow may be said to occur where 


v,.V, < 0. (6.1) 





Ficure 6. The pattern of skin-friction lines when reverse flow occurs in the 
boundary layer near Z. 








FicureE, 7. The ‘twin vortex bubble’ which rolls away from Z, down 
the back of the saddle. 





606 A. Davey 


Here v, is the external mainflow and vy, is the velocity within the boundary 
layer. Near the saddle point Z, then there is backflow where 


ara? f’(n) + by?’ (7) +- (a+b) nf{af(y) + bg(y)} < 0. (6.2) 


For fixed 7 this is the region contained by a hyperbola whose asymptotes L,, 
I, are the lines : : 
: a?x*f'(n) + b°y?g'(y) = 9. (6.3) 


Velocities normal to the surface 7 = 0 are small even for a moderate Reynolds 
number, so that such hyperbolae lie close to their asymptotes. In fact as 7 -> 0 
the associated hyperbola reduces to its asymptotes which then pass through 
the origin. For fixed 7 the region of backflow diminishes as 7 increases until it 
becomes zero at 7 = 7), where g’(y) = 0 again, when the two lines L,, L, coincide. 


7. Numerical results 

Solutions of equations (3.7) and (3.8) subject to the boundary conditions (3.9) 
were obtained for thirteen negative values of c and in particular for c = 0, 
—0-25, —0-4294, —0-50, —0-75 and —1. The initial values f’(0) and g’(0), 
together with the three boundary-layer displacement thicknesses, are given in 





at at at 
” ” = a —- Oy ve by 

c f"(0) g" (0) vt yt pt 
0-0 1-2326 0:5705 0-648 0-648 1-026 
—0-1 1-2284 0-4594 0-600 0-654 1-141 
— 0-2 1-2258 00-3353 0-501 0-658 1-287 
— 0-25 1-2251 02680 0°421 0-659 1-375 
—0°3 1-2250 0-1970 0-311 0-669 1-474 
—0-4 1-2265 00460 — 0-036 0-659 1-702 
— 0-4294 1-2273 0 — 0-183 0-658 1-776 
—0°5 1-2302 —0°1115 — 0:652 0-655 1-962 
—0°6 1-2359 — 0-2666 — 1-726 0:649 2-232 
—0-7 1-2432 — 0-4130 — 3-688 0-641 2-497 
— 0:75 1-2473 — 0-4821 -— 5-330 0-637 2-625 
—0-8 1-2517 — 0-°5488 — 7:852 0-632 2-753 
—0-9 1-2612 — 0-6761 — 20:96 0-622 3-018 
—1-0 1-2729 — 0:8112 —0o 0-610 3-438 


TABLE 1 





table 1 for all thirteen cases considered and the corresponding quantities for 
c = 0 are also given for comparison. Quantities in this table are correct to the 
number of decimal places given. One may note from this table that 6,, the 
three-dimensional displacement thickness, is negative for a range of c for which 
reverse flow does not occur. As c approaches —1 then 6, becomes large and 
negative. When c = —1 we have 6, = —o0 and 6, —6, = 2-828. This last figure 
was evaluated more accurately and found to be equal to 2,/2 to five decimal 
places. 
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Table 2 contains, for the six values of c mentioned in the text, the functions f 
and g’ correct to three decimal places.t 

As Howarth found for his range of ¢, it is also the case here that for —1 <¢ < 0 
changes with c are small for the velocity in the a-direction, though much greater 
in the y-direction, the direction in which backflow: occurs. This is indicated by 
the growing difference between 6, and 4, as c becomes more negative. For nega- 
tive values of c, f’(0) reaches a minimum value of 1-225 near c = —0-3 and 
then rises to 1-273 when c = —1 so that over the whole range from c = 1, when 
f"(0) = 1-312, to c = —1, f"(0) varies very little. However g’(0), which is also 








c= @ c = —0-25 c = —0-4294 
————— Pa Sere —_——7 
U] ¥ gy ta gy fi gy 
0-0 0-000 0-000 0-000 0-000 0-000 0-000 
0-1 0-118 0-057 0-118 0-028 0-118 0-002 
0-2 0-227 0-114 0-225 0-059 0-226 0-009 
0:3 0:325 0-171 0-323 0-092 0-324 0-019 
0-4 0-414 0-227 0-412 0-127 0-412 0-034 
0:5 0-495 0-284 0-491 0-164 0-492 0-053 
0-6 0-566 0-339 0-562 0-204 0-563 0-076 
0-7 0-630 0-393 0-625 0-245 0-626 0-103 
0:8 0-686 0-446 0-681 0-287 0-682 0-134 
0-9 0-735 0-498 0-729 0-331 0-731 0-167 
1-0 0-778 0-547 0-772 0-375 0:773 0-204 
1-1 0-815 0-594 0-809 0-419 0-810 0-243 . 
1-2 0-847 0-639 0-841 0-464 0-841 0-284 
1:3 0-874 0-681 0-868 0-508 0-868 0-327 
1-4 0-897 0-720 0-891 0-551 0-891 0-371 
1-5 0-916 0-756 0-910 0-593 0-911 0-415 
1-6 0-932 0-789 0-927 0-633 0:927 0-460 
1-7 0:946 0-819 0-941 0-672 0-941 0-504 
1-8 0-957 0-846 0-952 0-708 0-952 0-547 
1-9 0-966 0-870 0-961 0-742 0-961 0-589 
2-0 0-973 0-891 0-969 0-774 0-969 0-629 
2-2 0-984 0-926 0-981 0-829 0-980 0-703 
2-4 0-991 0-951 0-988 0-875 0-988 0-769 
2°6 0-995 0-969 0-993 0-911 0-993 0-824 
2-8 0-997 0-981 0-996 0-938 0-996 0-869 
3-0 0-998 0-989 0-998 0-958 0-997 0-905 
3-2 0-999 0-993 0-999 0-973 0-998 0-933 
3-4 1-000 0-996 0-999 0-983 0-999 0-954 
3:6 oe 0-998 1-000 0-989 1-000 0-969 
3°8 — 0-999 —- 0-994 - 0-979 
4:0 — 1-000 = 0-996 - 0-987 
4-5 — — _- 0-999 - 0-996 
5:0 —- —- — 1-000 0-999 
6:0 -— — — — --- 1-000 
TABLE 2 


+ A table of values of f and g and their first and second derivatives for these same values 
of c has been lodged with the Editor of the Journal of Fluid Mechanics and may be con- 
sulted by readers on application to the Editor. 
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c = —0:50 c= —0-75 C= =) 
on ae a — . ——S ee —, Cc pjclehcoaaiaeerts —— 

7 r gy’ f gy’ f gy 
0-0 0-000 0-000 0-000 0-000 0-000 0-000 
0-1 0-118 — 0-009 0-120 — 0-044 0-122 — 0-076 
0-2 0-226 — 0-012 0-230 — 0-081 0-235 — 0-142 
0:3 0-325 —0-011 0-330 —0-111 0-337 — 0-198 
0-4 0-413 — 0-005 0-420 — 0-133 0-430 — 0-244 
0-5 0-493 0-007 0-501 —0-147 0-513  —0-280 
0-6 0-565 0-023 0-574 — 0-154 0-588 — 0°307 
0-7 0-628 0-043 0-638 — 0-153 0-653 — 0-323 
0:8 0-684 0-069 0-695 — 0-145 0-711 — 0-330 
0-9 0-733 0-098 0-744 — 0-130 0-760 — 0-328 
1-0 0-775 0-131 0-786 — 0-109 0-803 — 0-318 
bel 0-812 0-167 0-823 — 0-082 0-840 — 0-299 
1-2 0-843 0-207 0-854 — 0-049 0-870 — 0-273 
1-3 0-870 0-248 0-881 —0-011 0-896 — 0-241 
1-4 0-893 0-292 0-903 0-031 0-917 — 0-203 
1-5 0-912 0-337 0-922 0-076 0-935 — 0-160 
1-6 0-928 0-382 0-937 0-124 0-949 —0-114 
17 0-942 0-428 0-950 0-175 0-960 — 0-064 
1-8 0-953 0-473 0-960 0-226 0-969 — 0-012 
1-9 0-962 0-518 0-968 0-279 0-976 0-042 
2-0 0-970 0-562 0-975 0-331 382 0-097 
2:2 0-981 0-644 0-985 0-433 0-990 0-206 
2-4 0-988 0-717 0-991 0-529 0-994 0-311 
2-6 0-993 0-780 0-995 0-617 0-997 0-410 
2-8 0-996 0-833 0-997 0-694 0-998 0-500 
3-0 0-997 0-876 0-998 0-759 0-999 0-581 
3-2 0-999 0-911 0-999 0-814 1-000 0-651 
3-4 0-999 0-937 0-999 0-859 — 0-712 
3-6 1-000 0-956 1-000 0-895 — 0-764 
38 — 0-970 — 0-923 — 0-807 
4-0 --- 0-980 — 0-944 — 0-844 
4:5 = 0-994 — 0-977 — 0-909 
5:0 - 0-998 — 0-991 — 0-948 
6-0 - 1-000 — 0-999 - 0-984 
7-0 — — 1-000 — 0-995 
9-0 — — — ~-- 1-000 

TABLE 2 (cont.) 
1-312 when c = 1, is zero when c = —0-4294 and becomes negative attaining 
a minimum value of — 0-811 when c = —1. The function 7 = 7#(c) mentioned at 
the end of the previous section, which measures, when c < — 0-4294, the height 
of the back-flow region, has a maximum value of 1-82 when c = —1. 


I wish to thank Professor M. J. Lighthill and Mr E. J. Watson for their guidance 
and inspiration throughout the preparation of this paper, Mr R. A. Brooker for 
his tuition in writing programmes for a Mercury Computer and the Department 
of Scientific and Industrial Research for a maintenance grant. 
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Appendix: singular points 

If, as in the Tatroduction, we have viscous fluid flowing past a body which is 
topologically equivalent to a sphere and which has a smooth surface, the fluid 
velocity at a small distance z from the surface is €z + O(z?), where e, a function of 
position of a point P on the surface S, lies in the tangent plane to S at P. Let 
n denote the unit vector along the outward normal to S at P and let w denote the 
fluid vorticity in the tangent plane to S at P so that € = wan. Then the system of 
lines € parallel to dr and w parallel to dr, where dr is the relative position of 
two adjacent points on a curve, form an orthogonal net on S, the latter being the 
vortex lines on the surface. 

A point of S at which € = w = 0is a stagnation point of the flow and is a singu- 
lar point of the differential equations of both systems of curves which map S. 
Let P be such a singular point and take rectangular Cartesian co-ordinates 
P(x, y,z) such that Pz is along the outward normal to the surface and P(z, y) is 
the tangent plane to S at P. 

By continuity of the flow the normal component of velocity w is given by 


w= —4$Az*+0(z), 


where A = dive is the two-dimensional divergence of e. 
According as to whether A > 0 or A < 0 we say that P is a stagnation point 
of attachment or separation, respectively. 
Now suppose € has components €,,€, with respect to the x, y-axes and define 
FS ag 
Cx Cy Cy Ox 
J is invariant with respect to a rotation about P of the 2, y-axes in the tangent 
plane at P and according as J > 0 or J < 0 we say that P is a nodal point or a 
saddle point, respectively. 
Also, the vorticity normal to the surface is 
06, | 0€ : 
= —-~*}2+O(z*), 
Cx » cy 
and at a stagnation point of attachment of a streamline from far upstream where 
the flow is irrotational we must have 


since fluid very close to the stagnation streamline can in no way acquire vor- 
ticity. This means that by suitably choosing our z- and y-axis € takes to first 
order in x and y the form (az, by) near P. 

This is the case which covers the stagnation point flows discussed in the present 
paper. For this case we have A = a+6 and J = ab. Since A > 0, one of a,b must 
be positive and we choose the greater to be a > 0. Hence J = a*(b/a), so that 
for b > 0 we have a nodal point and for b < 0 we have a saddle point. 

We now give a proof that the number of nodal points on S exceeds the number 
of saddle points by 2. We assume that the skin-friction lines on S have a finite 
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number of distinct nodes and saddles at which € = 0, where we say the vector 
field has an isolated singularity. 

Let A be a non-intersecting polygon on S whose sides C,, C, ..., C,, are geodesics 
which do not pass through a singularity of €. Define an integer 

A(A) == (= [Dlo,+ | Kado), 
om \ i A i 

where [4],, is the variation along C; in a counter-clockwise direction of the angle ¢ 
between the tangent t to C, and the vector e, and K is the Gaussian curvature of S. 

In the case of a small (almost plane) polygon enclosing a singularity of e, 


| Kdo = 0 and A(A) coincides with the index of the singularity, defined to be 
A 
the variation of 0 round the polygon. 

In general | Kdc is a correction term to make A(A) an integer, and is the 


is 
measure of the non-Euclidean nature of S, for 
| Kdo = 21 —¥ (exterior angles of A); 
rl 


this is the content of the Gauss—Bonnet Theorem (Eisenhart 1940). It is easily 
shown that if A, B are polygons overlapping only on their edges, then 
A(A)+A(B) = A(A+ B), 
also if A is small and contains at most one singularity of €, then A(A) = 1, —1, 0 
according as A contains a node, a saddle point, or no singularity of e. Thus 
for any A, A(A) = n,—s, where A contains n, nodes and s_, saddle points of e. 
Thus if S contains n nodes and s saddle points, then 


n—s = A(A)+A(S—A) = sa| Kdo, 
S 


~ 


since the terms [@],, cancel in the sum. The expression on the right is the Euler— 
Poincaré characteristic of S, and is 2 for a sphere. Thus we have for S that 
n—s = 2 as required. 

If, for instance, s = 0 there will be just one nodal point of attachment on the 
body. The surface streamlines will diverge therefrom and then converge to leave 
the body at one nodal point of separation, If, however, there are two nodal 
points of attachment the surface streamlines from each must divide somewhere 
at a saddle point of the surface flow. Similarly, if one has two nodal points of 
separation these will also have associated with them a saddle point, the stream- 
lines from which will diverge to one or other of these nodal points of separation. 
Thus, over and above the two original nodal points, one of attachment and one 
of separation, for each additional nodal point there will be an additional saddle 
point so that n—s = 2 in all possible cases. 
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Solution of the non-linear equations of cellular 
convection and heat transport 


By H. L. KUO 


Massachusetts Institute of Technology t+ 
(Received 23 August 1960 and in revised form 30 December 1960) 


By expanding the dependent variables in series of orthogonal functions on the 
one hand, and expanding the coefficients of these functions in power series of a 
parameter 7 on the other hand, a solution has been obtained for the system of 
non-linear equations of cellular convection. The expansion parameter 7 is chosen 
in such a way as to make it remain less than 1 for all finite values of the Rayleigh 
number. The solution so obtained is found to be valid for a large range of the 
imposed temperature difference, and convergs © >vidly. This solution provides 
a quantitative theory for the convective hes: i-ansport as a function of the 
temperature difference in the range of laminar tiow. 

The solution also reveals that when the actual Rayleigh number is greater 
than twice the critical Rayleigh number, a layer of isothermal (adiabatic lapse- 
rate in a gas medium) mean temperature develops in the middle of the fluid 
layer. The thickness of this layer increases as the actual Rayleigh number 
increases, and at the same time the temperature gradient increases in the boun- 
dary layer so that an increase in the heat transport is accomplished. 

The solution reveals further that the large temperature gradients are con- 
centrated in the region where the cold descending current approaches the lower 
boundary and where the warm ascending current approaches the upper boundary. 
It is also shown that these ascending and descending currents spread out in 
mushroom-like patterns, a feature characteristic of the convection of isolated 
hot bubbles, but one which never has been considered as the form for finite 
cellular convection. Recent optical observations indicate that this is the most 
common form of the temperature field. 

The heat transport given by this solution fits a power law of exponent 1-24, 
which is very close to the observed power law of exponent 1-25 for laminar flow. 





1. Introduction 

When a layer of fluid is heated uniformly from below and cooled from above. 
cellular convection starts to set in as the Rayleigh number R reaches its critical] 
value R,. This starting convection has a definite form and a definite scale, which 
are given by the solutions of the linearized equations in accordance with the 
boundary conditions (Rayleigh 1916; Pellew & Southwell 1940). 


+ The research reported in this paper has been sponsored in part by the Geophysics 
Research Directorate of the Air Force Cambridge Research Laboratories, Air Research and 
Development Command, under Contract No. AF 19(604)-6108. 
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When # is raised above 2, the motion increases its intensity but remains 
laminar and steady for a large range of values of R, followed by unsteady, turbu- 
lent convection at a much higher temperature difference. 

Formal solutions of the non-linear equations for thermal convection have been 
obtained in the works of Malkus & Veronis (1958) and Kuo & Platzman (1960), 
under the tacit assumptions that the motion is steady and that all the higher 
modes of convection are created by the non-linear interactions. However, the 
solutions obtained so far are valid only for small values of (# — Ry), and therefore 
cannot be used for larger temperature differences. 

It should be mentioned that by assuming a steady state we are considering the 
final equilibrium state between the temperature field and the motion field. If 
this equilibrium state is stable, it must be reached asymptotically. On the other 
hand, if it is unstable, it will be replaced by another state which is stable but is 
more likely to be unsteady. 

In the work presented here a different solution of the steady non-linear equa- 
tions is obtained. This new solution converges more rapidly and is valid for a 
much larger range of the imposed temperature difference. Because of these 
features, this solution provides a quantitative theory for the convective heat 
transport as a function of the temperature difference for a large range of the 
laminar flows. It also sheds some light on the problem of transition to turbulent 
convection, which occurs at a much higher temperature difference. 

The method of solution adopted here is that of double expansions. In this 
method, the dependent variables are first expressed as infinite series of a set of 
orthogonal space functions, and second, the amplitudes of these functions are 
expressed as infinite series of an expansion parameter 7 which is a function of R. 

For the case of two free boundaries the space functions of all modes are simple 
sine and cosine functions, and therefore the dependent variables can be repre- 
sented directly by double Fourier trigonometric series. The non-linear equa- 
tions are then reduced to spectral equations and the solutions can be obtained 
more readily by induction, as has been already done by Kuo & Platzman (1960). 
In the present paper, the same method will be used in obtaining the new solution 
for two free boundaries, and it will be developed to higher approximations. 

For the cases of two rigid boundaries and of one rigid and one free boundary, 
these orthogonal functions must be obtained in a consecutive manner, as solu- 
tions of a set of linear but inhomogeneous equations, with the inhomogeneous 
terms containing functions of the lower modes. Therefore the method of solution 
for these cases is similar to that employed by Malkus & Veronis (1958), but differs 
from theirs in detail. 

In this paper, we shall choose the expansion parameter 7 in such a way as to 
make it remain less than 1 for all finite values of R. The solution so obtained will 
be valid for a much larger range of temperature difference and will converge more 
rapidly. 

Because of the difference in the methods of solution employed, only the solu- 
tion for the case of two free boundaries will be presented in this paper, while 
those for the case of two rigid boundaries and of one rigid and one free boundary 
will be presented in another paper. 
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2. The governing equations 

Consider a horizontal layer of fluid of depth h, confined between two parallel 
planes at z = 0 and z =h, the upper and lower planes being maintained at 
temperatures 7’, and 7, respectively. In the undisturbed state the temperature 7’ 
is constant over a horizontal plane and decreases linearly with z and is given by 


T = T,+ fe, (2.1) 


where # = (7',—7)/A is the constant initial temperature gradient. The relation 
between the temperature 7’ and the density p is given by 


p = pyl—a(l—-T%)}, (2.2) 


where pj is the density corresponding to the temperature 7) and « is the thermal 
expansion coefficient. 

To investigate the convection problem, it is only necessary to take into con- 
sideration the variation of density when it is multiplied by the gravity g, whereby 
it introduces a buoyancy force gx7", where 7” is the departure of the temperature 
from its horizontal average. At all other places, such as in the inertia terms of the 
equations of motion and in the continuity equation, the effect of the variations of 
p is quite small and can be neglected. Therefore we shall replace p by its mean 
value p,, after introducing the buoyancy force in the vertical equation of motion. 
This is the principal feature of the so-called Boussinesq approximation. 

On making use of the Boussinesq approximation, the equations of motion. 
the thermal energy equation and the continuity equation may be written as 


dv a 1 Vp+gal"k ms vV2v. (2.3) 
dt Po 
dT 
— = KK 2T - 
eT KUT, = 
V.v=0. (2.5) 


where V is the vector velocity, k is the unit vector along the vertical, p is the 
departure of pressure from the hydrostatic pressure p(z), 7” is the departure of 
temperature from the horizontal average 7'(z), v is the kinematic viscosity 
coefficient, x is the thermometric conductivity and a is the thermal expansion 
coefficient. 

As in the previous study, we shall restrict our consideration in this paper to 
the simplest model of cellular convection: the infinite roll in a steady state, such 
that ¢/eéy = 0 and 6/ct = 0. It is then more convenient to introduce a stream 
function yf to represent the field of motion, given by 


e. (2.6) 
v 


The fundamental equations (2.3) to (2.5) can be reduced to non-dimensional 
forms by the following choice of the units of length, time. and temperature, 


respectively i 
P 5 h, h@lk, Kv/gah’. (3:7) 
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Henceforth the symbols w, y, 7’, p, etc., will represent the physical values they 
have had heretofore divided by the relevant dimensional quantities from (2.7). 
Eliminating p from the equation of motion (2.3) by applying the curl-operator 
and expressing in terms of the non-dimensional stream function y we obtain 
the following steady-state vorticity equation 
op 1 (yy, V2 , 
Wie aoe tee ant, (2.8) 
(x oo : 
where @ is defined below. 

Expressing the temperature as the sum of the undisturbed mean temperature 
and the departure (#) from this mean, then the total non-dimensional tempera- 
ture T' is given by 

; ga(AT” 

T=%—-Rz+0, R= = ys, (2.9) 
where A7” is the dimensional temperature difference between the bottom and the 
top, and therefore FR is the Rayleigh number. 

The non-dimensional steady-state thermal energy equation is given by 


ay a(ur.0 
V0+Re =H, Hae”) (2.10) 
Ox C(x, 2) 


The equations (2.8) and (2.10) form a closed system for the two dependent 
variables y and 0. 

The boundary conditions with respect to which thesejequations must be solved 
depend on whether the bounding surface is free or rigid. On a free surface, the 
vertical velocity and the tangential stress must vanish. Since the temperature 
of the boundary is being kept constant, we shall then have for a free surface, 


b= Vr =0=0. (2.11) 


On the other hand, if the surface is rigid, then both the vertical and the 
tangential velocities must vanish, and therefore we must have 


ef 
nt ll os, (2.12) 
C2 


An important consequence of these conditions is that both the vorticity advec- 
tion Jacobian B and the heat advection Jacobian H vanish at the lower and 
upper boundaries. 


3. Spectral equations 
For the case of two free boundaries, all the space functions of the various modes 
W(l,n) and 6(1,n) are sine and cosine functions, 


f, 


y(l,n) ~ sin (lk7x) sin (n7z), O(l,n) ~ cos (lk7rx) sin (n72z), (3.1) 


where / and » are integers and k is the horizontal wave-number of the first mode 
(l = n = 1), which is geometrically unrestricted when the fluid extends to infinity 
in the horizontal direction. However, since convection is assumed to set in when 
k reaches its critical value Ry, which is a function of k, we must choose k so as 
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to make #, a minimum. Solutions corresponding to other k-values represent 
unstable situations and therefore cannot persist. 

Since all the functions (3.1) satisfy the boundary conditions (2.11) we may 
represent 7 and @ by the following double Fourier expansions 


oa io a) } 
v¥=> DV, sin (lkrz)sin (nz2), 


¢é=> > 6, cos (lk7rx) sin (n7z), 
1=0 n=0 
where #,,,, and 0, ,, are functions of R. 
In order to transform the basic non-linear differential equations (2.8) and (2.10) 
into spectral forms, it is more convenient to express y and @ in the following 
complex forms in place of (3.2) 





v=- DO D ynexp (lka+nz) zi, 

asi: (3.3) 

A=-7i YY YY GO, exp (lkx+nz)m. 

l=—ann=—@ 
We note that (3.2) is equivalent to (3.3) provided 

Wry, "cia Pas a Vin = Yan = Win 
1 (3.4) 

A, n a 0, a —-G, _. = ~O_4 = G3 Fun 


where the range of z has been extended to —1< z < 1. Furthermore, all the co- 
efficients y,,, and 0, ,, are real. 

A simplification of notation will be introduced by regarding the pair of inte- 
gers 1, n as the components of a vector y. We may then replace the double sub- 
scripts 1, n, by a single subscript y. The summation over y is then understood to 
stand for summation over the components / and n. 

The problem now is to determine the coefficients yy, ,, and 0, ,, so as to make 
(3.3) satisfy the two equations (2.8) and (2.10). Substituting (3.3) into these 
equations and equating to zero the coefficient of the individual components 
exp (lkx + nz) mi we obtain the following two systems of spectral equations 


oy, —1kO, = —okB,, (3.5a) 

a0, —lkaAy, = —kH,, (3.56) 

where of = [?k*+n?, A= R/n*, and B, and H, are the vorticity—advection 
spectrum and the heat—advection spectrum, which represent the contribution 
to the y-component by the non-linear interactions between the various wave- 


number vector pairs y, and y, in the equations (2.8) and (2.10). These two spectral 
functions are given by 


*; = D2 (hm—lm) om Vy, Vy, (3.64) 
v1 Y2 
Hy = YX (hn— hm) Yy, 9, (3.65) 


v1 Ye 
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where the wave number pairs y, and y, satisfy the selection rule 
MtVve=y, Le. +lh=1, n+n,=n. (3.7) 


Because of this relation, we may replace y, by y—y, and write the sum over y, 
only, which is from —co to +0 for both / and n. However, for each interacting 
pair y,, V2 there is a corresponding pair y., y,. Both of these interacting pairs must 
be included in these advection spectral functions. Therefore we may write 
(3.6a@ and b) in the following non-redundant forms 


B, = ¥ (Ing—Ign) (a5, — 03-4.) Vy, Voy? (3.8) 
Ye 

i, a b> (In, — 1,7) ae Fy Bouny) (3.85) 
Ye 


where the relation (3.7) has been used. 

The two equations (3.5a and b) together with the relations (3.8a@ and b) form 
a closed system for the joint determination of y, and @,,. 

It may be mentioned that the perturbation temperature 0 defined by (2.9) 
includes a part 6(z) which is independent of x. This part represents the modifica- 


tion of the mean temperature distribution by convection, and is given by the | 


components with / = 0 in (3.3). On the other hand, no mean wind is produced by 
the convention, therefore y, = 0 when / = 0. 

In solving the two sets of equations (3.5a and 6) for / + 0, we may eliminate 
#,, and obtain 


(A—A,) W, = (1/l) H+ (ap /Pko)B, (l+0), A, = oS /lPh?. (3.9) 

Denoting 0, by 9%, and H, by Hy, when / = 0 and substituting 0, from (3.54) 

sie sai nO on, gia (k/n) Aon, ae > LkWn_y, 6,. (3.10) 
v1 


It appears easier to enumerate the the terms of H, by using (3.5a) and (3.10) as 
auxiliary equations, rather than to eliminate 0, completely. 


4. The advection spectra B, and H, 

Since B, and H, are given by the sums of infinite numbers of non-linear inter- 
actions, the first step toward solving the infinite sets of equations (3.9) and 
(3.10) is to find the most important terms of these advection spectra. 

As has been discussed before, the spectral equations (3.9) and (3.10) are to 
be solved by expanding y,, and the other quantities into power series of a para- 
meter 7, of the form 


Wr, n(7)) = Vi, nt +, newer + he (4.1) 


where jj, n,-:2; Tepresents a numerical coefficient. We define the order of 
magnitude r of y, and @,, as the lowest power of 7 in their expansions. Since 
convection starts in the form yy 1, it will be taken as a first-order quantity so that 
r = 1 for yy, ,. On the other hand, all the functions of the higher modes must be 
of higher order by definition because they are produced by non-linear inter- 
actions represented by B, and H,,. 
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In the calculations which are presented in this paper, the expansions are not 
carried out beyond the eighth order, the components /, n, and the power p = r+ 2) 
used are all less than the integer 9. Consequently, only one digit is required to 
represent 1, n, and p. Therefore we shall omit the comma between these indices. 
This simplification of notation also applies to the coefficients in (4.1). It will be 
understood in the following that whenever a three-digit subscript is attached to 
a quantity, the first two digits represent the components / and n of the wave- 
number vector y while the third digit p indicates that it is the coefficient of 
yn” in the power-series expansion. For example, 7,,, and 7,,, stand for the co- 
efficients of 7 and of 7? of the expansion of 7/,,(7), respectively. 
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FicurE 1. The order of magnitude of the spectral elements y;,,, @;, that occur in 
the non-linear solution as a function of the wave-numbers J, 7. 


The various components that are created by the non-linear interactions be- 
ginning with the initial convection ~,,, 0,;, are shown in figure 1, with their 
respective order of magnitude indicated by the numbers inside the circles. 
We note that for this case odd / occurs with odd n and even / occurs with even n, 
so that for every mode (I, n), 1+ is always even. We also note that for the modes 
with odd / and odd n, the power-series expansion is odd in 7, while those modes 
with even / and even n are even functions of 7. Therefore in the expansions 
represented by (4.1) the powers of 7 of two consecutive terms increase by 2. 

As has been mentioned before, the first step toward solving the infinite sets 
of equations (3.9) and (3.10) is to find the most important terms of the advection 
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spectral functions B, and H,. That is to say, our first task is to find the interacting 
pairs (7/;, Y2) that contribute to the lower-order terms of B, and H,. 

The result of this portion of the work is given in Appendix I, where all the inter- 
acting pairs (y,, 2) that contribute to the y-mode spectral functions B, and 
H, up to their 7’ or 7° terms have been listed. In order to facilitate the reading, 
this table is given as an appendix at the end of this paper. 

With the help of this table, it is a simple matter to express , »,, B, and H, in 
terms of y, and @,. Some of these non-linear spectral functions used in this 
study are given in Appendix IT. 


5. Expansion of spectral functions 

In the paper by Kuo & Platzman referred to before, the spectral functions 
y, were expressed as infinite power series of a parameter A = (A—A,)*. The 
function y,, so obtained is an alternating series whose rate of convergence is 
very slow and whose first four partial sums behave divergingly for A > 3A, (see 
figure 2b). However the oscillatory nature of this expansion suggests that an 
asymptotic solution which is valid for a larger range of values of A can be obtained 
by choosing a more suitable parameter. In this paper we shall choose an expan- 


sion parameter 7 defined by 
oni ae 
nas (=) : (5.1) 


where A, is the critical value of A above which convection exists. We note that 
this expansion parameter 7 remains less than 1 for all finite values of A. The 
advantage of using such an expansion parameter is to bring out the most im- 
portant part of the solution in the lower-order terms and thereby to eliminate 
the oscillation of the solution, 

The procedure of solving the spectral equation (3.9) is to expand w,, B, and 
H, in power series of 7 in the form shown in (4.1). In order to determine the various 
coefficients y, ,,, from the system of equations (3.9), we must also expand A in 
power series of 7. According to the definition (5.1) we have : 

As Ao =) (14 \ ")) (5.2) 

~ l—7 ° —" f — 

which shows that an infinite number of terms are required to represent A. To 

overcome this difficulty we rewrite (5.2) in the form of a finite series by intro- 
ducing a quantity A,,.t Thus 


A = Ay tApg(y? + yt+ ... +78), (5.3) 
Ao “ 
Nos = 1— 9 (5.34) 


where the integer s stands for the number of terms of the expansion. Since only 
powers of 7 lower than 2s occur in the formal expansion, the quantity A,, may be 


+ As will be seen from the subsequent development, we must take the first term of (5.3) 
as Ay, not Ao,. That is to say, we represent (A —A,) by a finite power series in 7?. Note that 
when s approaches infinity, Aj, approaches Xo. 
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Figure 2. (a) Variation of the amplitude of the fundamental mode 7, as a function of 


AJAo. 


(b) Variation of 7,, as a function of A/A, given by the 7,-expansion. [ni = € = (A/A,)-1. 
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treated as a constant without affecting the expansion. On the other hand, in 
computation A , is to be evaluated directly from the definition (5.3a) for any 
chosen value of s so that the representation of A by (5.3) is exact. 

The convergence of the expansion is to be tested by increasing s and observing 
the behaviour of the results. 

Substituting (4.1) and (5.3) into (3.9) and equating to zero the coefficients of 
the individual powers of 7 we obtain the following set of equations 


( y 1 a, — / 
meee "a i= 
(A, Ao) Wy, r+2j = ] H,, +95 — jap. By, +23 + Noe os Vy. rt2p? (5.4) 
O p=(¢ 


where j = 0, 1, 2,..., A, = (7k? +n?)§/P?k?, and Ag, is given by (5.3a), which 
depends upon the number of terms s of the expansion of the individual y,. The 


coefficient 0, ,,»; of the 0,-expansion is given by 


UKO, 405 =H Wy, ri93 + kB, pp9j/0. (5.4a) 

The expansion coefficients //, ,,9;and B, ,.,;are expressed in terms of the expan- 
sion coefficients y, and @,, through the equations (3.8 and 8). 

To solve the system of equations (5.4) we at first put y = 1, 1,7 = landj = Oin 

(5.4). Since By, = H,,, = Vand y,,, + 0, the first result obtained from this equa- 

tion is y= Quy = (k2 + 1)3/k2, (5.5) 


which gives the critical value Ay as a function of k?. The minimum value of A, 
is 6-75, corresponding to k? = 3. 

It may be pointed out that even though the solution can be developed for 
arbitrary values of k with the exception of some discrete values, only that solu- 
tion corresponding to k? = }, or its neighbourhood, can be stable. However, in 
order to examine whether some slight change of the horizontal scale of convection 
will occur at a later stage, the solution has been carried out to the third approxi- 
mation for the arbitrary k. 

Because of the result (5.5) the term on the left of equation (5.4) disappears 
for y = 1, 1. Therefore for the first mode this equation degenerates into the 
following 


e. Oty ‘ ; 
Aos 2 Wuo-1 = Fy. epi t Te Byepir (p = 1,2,8,...). (5.6) 
j=1, 


The expansion coefficients of the first mode must be obtained from this equation 
while those of the higher modes are given by (5.4). 

We shall demonstrate the way of development of the s. | ation by obtaining the 
first few expansion coefficients. 

Putting p = 1 in (5.6) gives 

Nos Wins = Aas + (Hi /ko) Buys (5.7) 

From the equations (3.8a and 6) and (3.10), or from equation (A.4) in 

Appendix II we find 
Bus =9, Mysg = —2Y 1122, 922 = — 0 Vin. 

Therefore (5.7) yields the results 


Dox2 = — 3Aous (5.8) 


4/42 ' oe 
Vin = (3Ag,)! /od,, hOyy = 01 Win (5.9) 
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By taking the plus sign here, we have chosen 2 = 0 at the point where there is 
ascending motion. 
With y = 1, 3 and r = 3, j = 0, equation (5.4) reduces to 


(Ays— Agi) iss = —Ais3 — (Hi3/ko) Byss- (5.10) 
From (A.5) and (5.8) we find 
Byyg = 9, Hy3g = — Ags ¥irr- 
Substituting in (5.10) and (5.4a@) then yields the results 


Nos 


! / x _ 4 ,/, g 
Ym" >) Fup KOy33 = 2413 V133- (5.11) 
is “Si 
To obtain ~,3, we put p = 2 in (5.6). It then gives 
1 a 
} al ae ll p x19 
Yus + Yin = 7 (s+ Ty Bs) (5.12) 
0s 


From equations (A. 1) and (A. 4) in Appendix II we find 
Dosa = — 204 War Vis t+ (Ot + 3) Wiss Visa 
Bys = 9, Ayys = 3Ags 13-2 + (ats/at1)} Xos ¥'133- 


Substituting into (5.12) and making use of (5.11) and (5.4a) we obtain 


Ae at. | 
413 = hy fb 4 —o (2+33)}. 5.13 
Yus 2¥in | Anda x) (9.13) 
A 
Ayoq = —3A (145). 5.14) 
_ ities As Any ( 


Atthis stage the coefficient 4,,, can be determined also. From the equations (A .2). 
(5.9) and (5.11) we find 
eee ( 1+ ai) (5.15) 
= 4(Aq3— An) oy) 

From the above developments we see that the coefficients 7, and 4 ,. 
must be determined simultaneously. 

The higher-order coefficients can be obtained in the same manner. However, 
the calculation becomes more tedious as the order increases, especially when & 
is being kept arbitrary. In reality, one k value must be selected by the fluid 
according to certain physical principles. The purpose of using an arbitrary k is 
that it enables us to investigate the probability of a change of scale of the con- 
vection at some later stage of the development, for example, by applying a 
certain selection principle to our non-linear solution which contains an arbitrary 
k. From the theoretical point of view, a comparison of the relative stability of the 
solutions will provide the proper selection rule. However, an analysis of the rela- 
tive stability of the non-linear solutions is very difficult to carry out, and we are 
therefore forced to make use of more heuristic principles. One such principle is 
to maximize the total kinetic energy. This is based on the consideration that the 
final equilibrium state is arrived at through steps of development, each of which 
is represented by a maximum rate of increase of the kinetic energy, and therefore 
the end result should be characterized by a maximum of the total kinetic energy. 
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Another heuristic selection principle is the maximization of the heat transport, 
which has been used by Malkus & Veronis (1958). 

As has been mentioned earlier, the cell scale which is selected on the basis of 
the linear theory (minimum A,) for two free boundaries is k? = }. This value of k, 
or some near-by value, must be taken as the starting scale of convection because 
other values of k represent unstable conditions. On the other hand, when A is 
well above the lowest critical value, a change of the horizontal scale may occur. 
However, no such shift is found by either one of the two selection principles 
mentioned above for A < 1-5Ay. For still higher values of A the determination 
of the most preferred scale is very difficult because of the extreme flatness of the 
heat transfer and kinetic energy functions around k? = 3. At any event, such 
slight shift of the horizontal scale is insignificant for the energetics of the system. 
We shall therefore restrict the higher-order expansions and the subsequent de- 
velopments to k? = 3 only.f 

The expansion has been carried out to the 7’- and the 78-order terms. Since the 
higher-order coefficients are polynomials of both q¢( = A 9,./Ay = 1/1—7?5) and a. 
their forms are very complex. We have therefore listed them in Appendix III. 
However, in order to illustrate the nature of our expansion, here we shall give 
the expansions of the two most important and also most interesting spectral 
functions ¥,, and Ooo: 

Wry = 1:2247g'(y + yp + 89° + ¥67") 
+ 0°1019¢2(93 + 345 + 45n7) — 0-011 79397 
— 10-93(27-5 + 3-40-1 + 0-850~®) (95 + 2-0889") 
+ 10-493(153 + 420-1 + 810-24 150-3 + 4-4) 7 +... (5.16) 
Oo. = —3°375q(y? + 2 + 48 + 98) — 0-013338q7(44 + 298 + 378) 
— 10-39378(10-28 — 3-970 1 — 2-300-*) 
— 10-378[ (3-085 — 4-730 — 5-000-2) g8 
— (1-40 + 1860-1 + 1-llo-? + 2180-3 + 1-0la—4) q@4] +... (5.17) 

We mention again that if these equations are to be used up to the 7’ and the 
78 terms, we must then put s = 4 in q. On the other hand, if equation (5.16) is 
used only up to the 7° terms, we should then put s = 3 in q. 

We note that in the present problem, the Prandtl number o appears only in 


the higher-order coefficients with r > 4, and that its direct effect on y is small 
when @ is not much smaller than unity. The effect of o on the temperature field is 


even smaller. 


6. Variations of the spectral functions with A 

The values of the spectral coefficients yy, and 0, have been computed from the 
fourth approximations of the 7-expansion for 0 = 10 and for different values of 
A, up toA = 8Ay. Within this range, the solutions for y,, and 0,, converge rapidly, 


+ Expansion coefficients for an arbitrary k have been obtained up to the 7° and 7° terms 
and are given in Scientific Report No. 3 of the M.I.T. Planetary Circulation Project, October 


1960. 
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as can be seen from figure 2a, where the values of y,, computed from the first 
four approximations (corresponding to s = 1, 2, 3, 4) have been plotted. In fact, 
the values of y,, given by the third approximation are correct to the third signi- 
ficant figure for A < 3A), and the differences between the third and the fourth 
approximations remain less than 3% in the whole range of computation. 
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Figure 3. The variations of the spectral functions Vy and 6, as functions of A/A,. 


For comparison, the values of y/,, given by the first four approximations of the 
A-expansion (A? = A—A,) obtained in the paper by Kuo & Platzman (1960) 
have been plotted in figure 2. It is seen that the first four partial sums so ob- 
tained converge only for A < 2A,, whereas for A > 3A, they behave divergently. 
A similar behaviour has been exhibited by the solutions of Malkus & Veronis 
(1958). 

The second quantity that converges rapidly in the present solution is 6),. The 
differences between the first four approximations remain less than 3% within 
the whole range of computation. Its values also agree well with the values 
obtained directly from (A.1) by making use of the values of 7, and 6,, which 
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shows that the solution is self-consistent to a relatively high degree of accuracy. 
On the other hand, the rates of convergence for the coefficients of the higher modes 
are much slower for larger A. 

The values of the various spectral functions as given by their respective 
fourth approximations have been plotted in figure 3 for different values of A/A,, 
where some proper constant factors have been introduced so as to make them 
have the same order of magnitude. 

From the results in tie figures 3a and b we see that just a little above the critical 
point the various components are arranged according to their order of expansion. 
The intensity of the first mode increases very rapidly near A = A, whereas those 
of the higher modes increase only very slowly. However, this is not true for larger 
values of A. 

One significant result of the computation is that for larger values of A, the 
magnitudes of the higher-order coefiicients yy, and 0, are not arranged according 
to their degrees in 7. The curves in figure 3 show that some of these coefficients 
increase more rapidly than the others. For example, even though wy, is a fifth- 
order quantity, it becomes the largest higher mode of the y-field for A > 3A). 
The next largest is yj. while y,, ranks third. This is also true in the kinetic energy 
spectrum, which is given by oy. 

In the temperature spectrum, 03, also increases more rapidly than the other 
components even though @,,; remains the largest higher mode in the range of 
computation. As a result of the rapid growth of the (3, 1)-mode of convection, it 
becomes the second largest contributor to the heat transfer for A > 2A). We also 
mention that at A = 8A , 65; and 4,3 are of the same order of magnitude as ,,. 
The rapid rate of growth of 3, and 03, for large values of A is due to their large 
expansion coefficients in equation (5.4), which are proportional to (A,—A,,). 
Judging from equation (5.4) which holds for all the higher modes y, we may expect 
that at larger values of A, the magnitudes of yy, will be roughly proportional to 
(A,—Ay)1 while the contribution from the (/, n)-mode to the heat transfer is 
likely to become proportional to @, (Aj, — Ay). 


7. Convective heat transport and mean temperature distribution 


In the results obtainable from the non-linear solution, the dependence of the 
rate of heat transfer upon the imposed temperature difference is of primary 
interest. This dependence can most conveniently be expressed by the functional 
relation between the Nusselt number NV and the Rayleigh number, or between 
the heat transfer ratio S and the Rayleigh number. 

The Nusselt number is the ratio of the actual heat transport rate to the rate at 
which heat would be transported by conduction for the given temperature 
difference between the hot and cold reservoirs were convection absent. Thus, 
according to this definition NV is given by 


N = - an (5 __l at 
“AT E) 7 Baz - 


where 7’ is the horizontally averaged temperature. 
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On the other hand, the heat transport ratio S is defined as the ratio between 
the actual heat transport to the rate at which heat would be transported con- 
ductively at the critical Rayleigh number, therefore it is given by 


S = R N — _! (":) 
dz 2=0 


According to the equations (2.9) and (3.2), 7’ is given by 


io 6) 
7 4 A ¥ *, ° 6 
T =1,—Rz+ > Fo, 2n sin (277n2z). 


Substituting 4) .,, from (3.4) we obtain 
O = (T-1,)/R 


9 nO 


= —z+-—~ ¥ 052,8in (27mz). (7.1) 
TA n=1 


Therefore the heat transport ratio S is given by 


rene ee E 29o,n- (7.2 
Ao on=1 
The values of the first four 4) ,,, have been obtained from their 7’-approxima- 
tions and are plotted in figure 3c. According to equation (3.10), 4 >, is produced 
by the non-linear interactions between the various modes. However, it can be 
seen from the equations following (A.1) that only the non-linear interaction 
between y, and @, of the individual modes themselves contributes to the heat 
transport, while the non-linear interactions between different modes cancel out 
in equation (7.2a). Thus, in terms of y, and 6,, S is given by 
A. 4. m 
S = ° +L EM, 0, (7.26) 
Thus there are two different ways of computing S (or V). One method is by taking 
the sum of the various 70) >, a8 given by their respective expansions (figure 3). 
The other method is to compute S directly from the second expression (7.26) 
with the values of y, and 0, obtained from the solution. This method represents 
a higher approximation than the first, but not completely in accordance with 
the order of the y-expansion. 

The variations of S with A as given by the second-order and the eighth-order 
expansions are represented in figure 4 by the curves S® and S®, respectively, 
while S@ is obtained from the second expression (7.26) and the y, and 6, fune- 
tions given in figure 3. It is seen that for larger A/A,, S® is much higher than 
S®, On the other hand, the fourth-order and the sixth-order approximations 
of S are nearly the same as S®, therefore they are not plotted in these graphs. 

It may be mentioned that the A-expansion (A? = A —Ag,) of the Nusselt number 
obtained by Kuo & Platzman (1960) also diverges for A > 3A . 

On examining the various terms of S it is found that the (3.1) mode makes an 
appreciable contribution to the heat transport when A is greater than 4Ay. Since 
this transport is of the tenth order in 4, its effect is not included in the eighth- 
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order approximation S®. Thus, the difference between S@ and S® is mainly due 
to the transport by the (3, 1)-mode. 

It may be mentioned that the second-order approximation to S in this 7- 
expansion is identical with the corresponding second-order approximation of 
the A-expansion. This approximation gives a linear dependence of the convective 
heat transport on the Rayleigh number. On the other hand, the results given by 
the higher approximations obtained in this study definitely show that the heat 
transport increases faster than the first power of A. 
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Fiaure 4. The variation of the heat transport function S as a function of A/Ay. 


On plotting the quantity log (‘S—1) against log {(A/A)) — 1}, we find that for 
A > 4Ay, the S® and S® obtained above may also be represented by the formula 


S = 1+ef(AJAy)— 1}. (7.3) 


The value of the exponent « as given by S® is ~ = 1-24 while that given by S® 
is « = 1-19. These values are very close to the observational result S ~ (A/A,)3 
for laminar convection (see Jakob 1949). 

We mention that the convection heat transfer given by Nakagawa’s heuristic 
theory (1960) is the same as that given by the second-order approximation 
obtained in the present paper. Evidently that approximation greatly under- 
estimates the convective heat transfer except when A is only slightly above its 
critical value. 

Besides the heat transport, the next most interesting quantity obtainable from 
the non-linear solution is the modified mean temperature distribution, which is 
given by (7.1). The mean temperature profile has been computed from this 
equation for six different values of A, by making use of the 4) .,, values given in 
figure 3. The results of those computations are represented in figure 5 by the six 
curves, where the numbers attached to these curves indicate the values of A/A,. 
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These curves show clearly the effect of convective heat transfer on the mean 
temperature distribution. The most striking feature of this effect, as revealed by 
the solution, is that for A > 2A, a region of isothermal stratification is produced 
by convection in the middle of the fluid layer.; The thickness of the isothermal 
layer increases as A increases, so that when the imposed temperature difference 
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FraureE 5. Distribution of the mean temperature for different values of A/A,. 


between the hot and cold sources is very large, the main body of the fluid will 
become isothermal (or adiabatic if the medium is a gas) in the mean, while large 
mean temperature gradients will be confined to the boundary layers adjacent to 
the hot and cold reservoirs thus providing a higher rate of heat transport. This 
feature of the development must persist when the convection becomes turbulent. 
even though the solution obtained here does not hold in the turbulent régime. 
This paradoxical result of the creation of a deep isothermal (adiabatic) layer by 
convection at a large imposed temperature difference is very important for the 
understanding of the convective processes in nature, where observations usually 
give a critical temperature gradient instead of a supercritical gradient. 

It may be pointed out that even though the non-linear interactions between 
different modes of convection do not contribute tv the total heat transport, they 
are very important for the modification of the mean temperature distribution, 
because these terms do not cancel except at the boundaries. 


8. Pattern of isotherms 
Since the temperature @ is a cosine series in x and therefore is symmetric 
with respect to x = 0, it is sufficient to consider only a half cell. We therefore 
+ The coefficients 9 5, in figure 3c give a very small reversed gradient near z = $ for 
A > 3A,, which is numerically much less than the errors of the approximations and there- 


fore should not be taken as a real feature. 
40-2 
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restrict attention to the region 0 < § <a and 0 < € <7, where € = knx and 
€ = 7z. Expressed in terms of © = (7'—1)/R, we have 

~ 4 

0 = O-— 4G, coslé sin né, 

wa, * 5 $ 
where @ is the horizontal average of © and is given by equation (7.1). It can easily 
be shown that © is diagonally antisymmetric about the point § = $7, € = 32. 
In order to demonstrate the effects of the higher-order terms we take as our 

example the solution for A = 7A,. For this A we find that the values of the co- 
efficients 6, for 7 = 10 are 


O:,= 12145, 05= 4810, 0,,= 0831, 0,,= 0-066; 
Oo. = 2-160, O24 = —0-298, O5,= 2-900, 53 = — 0-060; 
Doo = —20°72, Ogg = —4°670, yg = —0°448, Ope = — 0-024. 


The other coefficients are very small, and therefore will be neglected. The iso- 
therms given by this solution are shown in figure 6a. The most prominent features 
are the concentration of large temperature gradients in the boundary regions 
where the ascending and descending currents are approaching the boundaries, 
whereas in the boundary regions where these currents are moving away as well as 
in the main bodies of these currents the temperature gradients are very small. 
Another feature of the temperature distribution is the mushroom-like spreading 
of the ascending and descending currents, which is a characteristic feature of 
convection due to isolated hot bubbles, but alsoappears in this solution. The curve 
in figure 66 represents the temperature distribution at the level z = 3, as given 
by the solution. It illustrates more clearly the effect of the higher mode (3, 1). 
This distribution is surprisingly similar to that given by Silveston (1958) which is 
deduced from observations. 

Because the y,, of the higher modes are much smaller than the 7,,, the dis- 
tortion of the streamline field is not so pronounced as that of the temperature 
field. 


9. Discussion 


There is no doubt that the non-linear solution obtained in the present work 
converges more rapidly and is valid over a much larger range of the imposed 
temperature difference than the solutions obtained in previous studies. It has 
also revealed many interesting features of the convective motion, such as the 
concentration of the mean temperature gradient in the boundary layers and the 
creation of a deep mean isothermal layer in the main body of the fluid, and the 
mushroom-like spreading of the warm-ascending and cold-descending currents. 

A number of questions may be raised concerning this solution, such as its 
uniqueness and its most likely modification in order to embrace the turbulent 
régime. 

Since this solution is based on the assumption that convection starts at the 
critical Rayleigh number R, in the form of the fundamental mode and proceeds 
to create higher modes through the non-linear cascade effect and to reach the 
equilibrium steady state, the solution can be unique only under these stated 
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conditions, and only when this solution converges and is stable. The last qualifica- 
tion is necessary because if the solution represents an unstable state, then the 
motion must be replaced by another motion which is stable for the given value 
of A. The solution which represents this new state of convection may be composed 
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(b) 
FiGuRE 6. (a) The distribution of the total temperature as given by the non-linear 


solution for A = 7A, and o = 10. 
(b) The temperature distribution at the level z = } as given by the solution. 


of the same modes as given in figure 1, but with intensities different from that 
given by our present solution, or it could be composed of new components in 
addition to the modes in figure 1. In the former case the added parts of the 
various modes must appear in unsteady form, while in the latter case the new 
modes may either be steady or unsteady. In order to determine whether any new 
perturbation is needed, it seems necessary to examine the stability of the con- 
vective state represented by our non-linear solution. 
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Another point worth mentioning is that even though this solution is valid for 
a much larger range of temperature difference than the solutions obtained in the 
previous works, it also shows a tendency to divergence for values of A greater 
than ten times the critical value. The reason for this divergence is apparently due 
to the fact that for large values of A, the amplitudes of the higher modes yy, in- 
crease as the factor (A;,,—A,)~1 and are no longer arranged according to their 
orders of appearances in the non-linear cascade effect depicted in figure 1. We 
note that for A > A,,,, we have 


: 1 =a 4 1 Aa Ain 
Am—Ag A-Ao A=Agl 


Therefore for large A the various modes behave somewhat like self-excited ones. 
It seems therefore that a different type of solution is needed for higher tempera- 
ture differences, which may end up in the turbulent régime in which all modes are 
present. 

A different solution of the non-linear equations which includes perturbations 
with horizontal scales longer as well as shorter than the fundamental mode can 
be obtained if the horizontal dimension L of the fluid is finite and is not an integral 
multiple of the Lorizontal scale a corresponding to the minimum critical Rayleigh 
number fy. Then the motion must be delayed until A reaches a value A,(a,) cor- 
responding to the critical value for the horizontal scale a, such that L = ma,, 
where m is an integer. We assume that A, is the lowest A which sustains convec- 
tion which is compatible with the dimension L. Since a is the horizontal scale 
for which the critical A) is an absolute minimum, there is another scale a, on the 
opposite side of a for which the critical value A,(a,) is equal to A,. Suppose 
ad, >a > a,and L = (m—1)a,. Then convection will start when A reaches A, = A, 

-and the initial motions must be represented by a fundamental mode consisting 
of two waves with horizontal wavelengths a, and a,. In this case the non-linear 
interactions will produce new modes with both longer and shorter horizontal 
scales, and the spectrum will then be a complete spectrum. It seems that this 
consideration is important for the harmonic representation of the solution of the 
turbulent régime 
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Appendix I 


Table of the interacting pairs Y, 72 that contribute to the 
and their order of magnitude r 


In this table, the two interacting pairs y, and y, are separated by a semicolon, 
the components / and n in each y are separated by a comma, while the different 


interacting pairs are separated by a period, 


Y 
02 


04 


aS > CS wm to 


Doar OME NANA NASW @or18HMwW DDD ® 


~1 Or 


18% 1 oc 


-I 


bo 


teeter 
wv we © 


~ 


. 


. 


el ol 
. 4 


am 


we we 


Om &® Ne Sb 


bob . 
bo 


bs 


—_ 
ve : 
i) 
my 


2, —2; 4 —], —3;1,5 
—1,1;1,3 

—l, —1;1, 5. 

i, 1; —1,5 =}, tsi, 5 
l,-1; -—1,7. 2,2; —2,4 
I, b; —k, #- =—]}, }: 1,7 


at 443 «a, -37 84 
b:33 02 —1,1; 2,4 
—I1, 3; 2, 2 —1, -—1, 2,6 
1; 3:0; 4 1, 5; 0, 2. 


= 
| 
we 
_ 
or bo 


1, -1;1,5 =], I; 3,3 
2,6; 0, —2 


—}, -1;3,7. —1, 3; 3, 3d. 
1, —3; 2,4 —1, —1; 4, 2 
FF 2 3,5; 0, —2 


3, 3; 0, 2. 
By -Ss2,-4. 1, 5; 2, 2. 
1, —1; 3, 3. 


Cellular convection and heat transport 


1, —3; —1,5 
= Se. 4. 
1,3; —1, 5 


3, —1; 0, 2. 


631 


y mode of B, and H, 
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Appendix II 


Expansions of the mean temperature spectral functions Oy 5,, and the 
advection spectral functions B, and H, 


Deol = — Wyy(9y1 — 913) + Wig(Or1 + P15) + Wis 913 + 2W02 904 
+ 2Wrog Io4 + 2 o4(o2 + P26) — 3Y%31 951 
+ 3Y33(951 + 935) + 3O33(Y31 + Wg5) +--+ 
20o4/k = Yy1(915— 913) + P11 (Wis — Vis) — 222900 + W139 17 
+ Wy7 13 + 2(Wo2 06 + Wo6 922) — 3¥%31 (933 — 935) 
— 893: (33 — Wa5) + +++ 
3Oo6/k = — W13913 — Wir (P15 — 917) — Pur (Wis — Viz) — 8% 933 
— 2(WoIo4+ Woes 900) — 3(W%a1 935 + W395 931) + ---- 
Fyy!2 = Oo2(¥13— 11) — 20 oa(Wis — Vis) — 2¥%22(P13 + 931) 
— 2059(Wig + Ys1) + Woa(13 + 935 — 3933 — 30,5) 
+ Oo4(Pig + Was — 8%g3 — 8/45) + ---- 
Byy/2 = 2(a%3 — a2) Ys Yoo + (a4 — X93) Wig Waa + (O85 — 034) Wog Wes 
+ 2(a3 — 031) Woo Wa, + BWoal (O34 — 033) Wag — (434 — a5) Wish +... 
Fyg/2 = Yb 41(Po2 — 204 + 2009 — O04) + O11(2W 02 — Waa) + 92 Wis +--+ 
By3/2 = 2(a§9 — 091) Wry Woo — (084 — 091) Wi Port ---- 
Fgg/4 = O92 Woa — 2004 Won — Wir (913 — 931) + 11(Wis + Ya1) 
— W13(203) + 205 — O35) + 13(2Yh31 — 25 + W935) + ---- 
Byo/4 = (051 — iy) Wir War — (093 — 91) Wi Wig + 2(ad, — as) WisWis 
— (035 — a%3) Wig Wg5 — 2(a%3 — 0:31) Wig igi +... 
Agy/2 = 3099(W33— W31) — W1r( 2809 — 94) + P41 (2Wr00 + Wao) 
+ Wy3(4059 — 5054) — O13(4Y22 — 5Yvo4) + «... 


2 
Bgy/2 = (O92 — &31) Wir Waa — 2(0082 — 031) Way Woe + 4(002, — 35) ris Yoo 


t-¢ 2 2 /, /, 
— 5(054— 53) Wis Port ---- 
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Appendix III 
Tables of the expansion coefficients 
(a) Expansion coefficients of the odd functions 
q qi 
g? a a a 0° on a e ot 
10° Ysa Ob vx Se : 7 ‘ i 
10° Vi35 726 —163 -266 —76 wn ; 
10° W452 908 -—407 -—666 —189 89 178 166 113 31 
10° 0,53 618 — - _ 
10° O135 927 -208 -8 ‘ el _ - 
10 O39 1168 -619 -%1 -32 £13 23 i4 4 2 
107 iss — 546 336 27 _ se = mah : 
10° Wis, 1364 840 684 -260 -242 -161 -206 -88 
10* 0,55 _ 502 2 0 — — — = — 
108 0,5, — 1254 4 0 -239 -—26 —4 —0°5 0 
10° viz, — . 715 517 500 349 257 
10° Or ‘ wie — 2479 40 ll 120 0 
10! yrs1s a 175 89 2 — , as mn 7 
104 ps1, 439 221 63 -—106 -— 61 -60 -40 -ll1 
10° 0515 - 250 19 —_—, - = = - 
10° 05, . 625 48 16 —96 9 ~6 ~9 —3 
10? 055 —260 -118 -—-—99 = — = 
108 ys57 —650 -—296 -247 253 a. 2 
10* A555 — 223 ' <= ‘ an ae 
10* 633, — —6558 2 —3 218 91 16 —7 0 
10° yra55 —- 821 826 682 - sos ag 
10° 35 2052 2065 1705 -—735 -—741 -—410 -494 -—208 
10° 0555 aa > — aa zi se si 
10° O55, ~ 2 9 i > «| |48 1 0 
10° vrn9 aot sesh 250 229 187 41134 110 
10° 05,4 on a , : 337 19 y «<? 0 
(6) Expansion coefficients of the even functions 
¢ ? 
-_ AL si ic lela 
o? o- og? op} o- o-3 
104 yoo, 146 40 ~ sis _ - 
10* Yroog 292 80 ~101 ~91 ~61 ~i9 
10° Ayo, 371 6 sot os me 
10? Ooo 742 13 — 258 ~ 36 a a’ 
10° vrosg — 254 — 208 ee sa a0 _ 
108 Yross — 507 — 415 192 134 151 63 
10* Dos, —581 «3 - — wes , 
10*O4, —1162 =f 439 22 l 0 
108 Yroog —513 — 430 — 304 — 249 
1O'G... — 524 —6 0 0 
10° Yro6 380 732 384 80 
10* Oyog . 193 0:5 5 1 
10° vise 476 270 277 231 
10° Ose 968 22 =f 2 
10° Woe ~192 ~ 203 — 206 ~371 
10° Ose — 132 2 1 ~0 
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(c) Coefficients for 0,, and 0 
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REVIEWS 


Turbulent Flows and Heat Transfer. (Volume v of High Speed Aero- 
dynamics and Jet Propulsion.) Edited by C. C. Liy. Princeton Univer- 
sity Press and Oxford University Press, 1959. 549 pp. £5. 5s. 

I believe that, even in the present state of development, the results obtained 

from fundamental studies of turbulent flow can be useful in practical problems 

of fluid motion but I am unable to think of any book published in the last 
twenty years that provides evidence for this belief. The trouble is that most of 
the books belong to one of two distinct groups, the first describing experimental 
studies of highly specialized flows and relating them to mathematical theories 
based on insecure assumptions and the second providing design information 
for engineers. A typical book of the first group usually stops well short of being 
useful and, in spite of encouraging words on the jacket, makes little attempt to 
show how it could be useful. In a typical book of the second group, useful 
observational material is presented in the proper non-dimensional form and 
interpreted in terms of mixing-length theory, with a supplementary account of, 
say, the theory of diffusion by continuous movements which has no obvious 
relation to the rest of the book and confirms one’s suspicion that the aim of the 
statistical theory of turbulence is full employment for mathematicians. To 
quote the preface to the volume under review: ‘future developments in our 
knowledge should result in the merging of these two approaches into a compre- 
hensive and unified treatment’. However the initiative lies with those engaged 
in fundamental studies and the cause of unity is not advanced by describing 
work interesting only to specialists. In this respect, this volume, or at least the 
part concerned with turbulent flow, is disappointing as one in my second group 
with a considerable amount of space allowed for description of basic theory. 
The first section (by H. L. Dryden) is concerned with the phenomenon of 
transition from laminar to tubulent flow, for the most part in boundary layers, 
and it is a good account of present experimental knowledge related in a sensible 
way to the little theory that exists. Ample references are given as in all the 
sections and anyone needing information about the problem of transition should 
read this article. The next section on turbulent flow (by G. B. Schubauer and 
C. M. Tchen) must have been very difficult to write, and I am in complete 
sympathy with the authors in their desire to link theory and practice but I am 
most unhappy about the result of this mixture. The introductory chapter, 
discussing the general nature of turbulent flow, is good but the following 
chapters on equations of motion, compressible boundary-layers and wall-flow 
suffer from a lack of selection and organization of the theoretical background. 

Although the incompressible boundary-layer is used as the standard of com- 

parison for compressible layers, the latter are described first and with inadequate 

forward reference. For example, two equations for the variation of skin friction 
with Reynolds number appear in chapter 3 as respective consequences of the 

Karman similarity hypothesis (12-17) and the Prandtl hypothesis for the 
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mixing-length (12-18) but, in chapter 4, they appear, more accurately, as a 
consequence of the ‘law of the wall’ and the ‘law of the wake’ (18-5) and as 
an explicit interpolation valid over moderate ranges of Reynolds number. 
Again, section 23 is a clear and accurate account of the effect of surface rough- 
ness, but the result that surface conditions can only cause a velocity shift is 
most relevant to the existence of the logarithmic velocity-distribution and 


should be mentioned when that is discussed. Some of the theory in this brief 


account is of very limited interest, e.g. the development of a modified form of the 
mixing-length theory from the Boltzmann equation; and the ‘proof’ that 
stagnation temperature and stream velocity are linearly related if the laminar 
Prandtl number is one (p. 91, § B.9) is just wrong. (The similarity of two equa- 
tions is not established by similarity of their mean values.) Good selection of 
experimental material and very full references make this section useful but, on 
this evidence, meteorologists are far ahead of aerodynamicists in understanding 
wall flow. 

The section on the statistical theory of turbulence (by C. C. Lin) has very 
little connexion with the rest of the book and it omits, or describes only very 
briefly those parts of the theory that are relevant to practical problems. The 
theory of isotropic turbulence is developed in some detail with brief reference 
to the Kolmogoroff theory of local similarity, and the various theories of the 
decay of isotropic turbulence are compared with experimental measurements. 
In the remaining 12 pages, we hear of the theory of diffusion by continuous 
movements, of temperature fluctuations in isotropic turbulence (with no mention 
of the more important topic of the spectrum in the range of local similarity), of 
turbulent motion in a compressible fluid and the production of sound, and of 
the effect of damping screens on homogeneous turbulence. Since this group of 
subjects includes nearly all those parts of the statistical theory that may be 
used with profit in the study of practical problems, some of the previous 45 pages 
should have been diverted to their use. 

The other sections on flow problems, on convective heat transfer in liquids 
(by R. G. Deissler) and in gases (by E. R. van Driest) correlate experiment with 
theory in a way which should be useful to the experimentalist and which is not 
unduly disturbing to the theoretically minded. The remaining sections, on heat 
conduction, on boiling heat-transfer and on radiative transfer, are of less interest 
to hydrodynamicists. 

Although the contributors to this volume were allowed less space, it is 
natural to compare it with a classic work in fluid dynamics, Modern Development 
in Fluid Dynamics, edited by Goldstein, and also the result of collaboration. 
Today, much of the value of this latter two-volume \ ork lies in its comprehensive 
account of experiment and the simple theoretica/ interpretations. The greater 
partof7'urbulent Fiows and Heat Transfer shares these qualities. The exceptional 
unity and organization of the older work is missing but, if the reader wants 
practical information, he will find it here. For the basic theory of turbulent flow, 
he must wait or work it out from the literature. 


A. A. TOWNSEND 
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The Atmosphere and the Sea in Motion. Edited by B. Botty. Oxford 
University Press, 1960. 105s. 


This volume is a collection of articles prepared as a tribute to Carl-Gustaf 
Rossby, the Swedish-American meteorologist and oceanographer whose 
personality and scientific contributions have played a unique role in the spec- 
tacular growth of our knowledge of geophysical fluid systems during the past 
forty years. The collection was originally planned in honour of Rossby’s 
sixtieth birthday, but following his death in Stockholm in August 1957, it was 
reorganized as a memorial volume. 

The roster of distinguished contributors—a selection of Rossby’s colleagues, 
collaborators, and students—is itself an impressive testimonial to the extra- 
ordinary role Rossby played in the development of many phases of modern 
geophysics. Virtually every aspect of physical meteorology, and much of 
physical oceanography, is represented. Articles in theoretical meteorology are 
interspersed with essays emphasizing synoptic or climatologic techniques of 
analysis. Discussions of laboratory experiments with rotating or stratified fluids 
are followed by articles on numerical methods in meteorological research and 
forecasting. Contributions also on geochemistry, cloud physics, atmospheric 
radiation, the mechanics of convection and many more fields are to be found in 
this scientific potpourri. 

Unfortunately, the result is a collection of scientific papers lacking any 
semblance of organization or direction. Everyone with an interest in meteorology 
or oceanography can find something of interest in the Rossby memorial volume; 
few will find it a reference which they will frequently consult in their research. 

This conclusion is not based solely on the wide variety of subjects discussed. 
The volume suffers also from the sheer number of contributions—thirty-nine 
in all—and the resulting raggedness of quality. Several of the articles are of 
trivial interest ; others, by individuals well known for their research, are below 
the expected high standard of originality and competence. The number of 
significant articles is unfortunately low. One feels instinctively that many 
authors, finding themselves without a contribution of substantial importance, 
chose whatever topic was readily available in order to participate in the 
venture. 

Nevertheless, it is difficult to blame either the individual contributors or the 
group of five meteorologists and oceanographers whose decision to solicit such 
a large number of contributions from such a heterogeneous group of scientists 
set the tenor of the volume. More than most leading scientists of our time, 
Rossby was a citizen of the world. His winning personality, flair for organiza- 
tion, and peripatetic restlessness—combined with his catholic interests and 
originality—led him to develop close associations with geophysicists throughout 
the world. Despite the fact that there were almost fifty contributors to the 
memorial volume, the five organizers (Bolin, Charney, Eliassen, Platzman and 
Stommel) find it necessary to apologize in their brief Preface for ‘the number of 
colleagues or former students. ..we were forced to exclude in order to satisfy 
the rather stringent requirements of economy’. 
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This attitude is understandable. Yet the reviewer cannot help but regret the 
decisions which led to a volume of this nature. The array of talent available was 
formidable. A rigorously controlled number of major contributions, each 
devoted to a topic of substantial interest, might have proved a more enduring 
memorial to a great man. 

The collection of articles in the volume is loosely grouped into six sections. 
The first is biographical in nature, and includes a major article by Rossby, 
translated from Swedish, which appeared in Svensk Naturvetenskap in 1956. 
The reviewer found this article to be one of the most interesting of the entire 
volume. Although it is written for the non-specialist, the paper illustrates the 
breadth of Rossby’s interests and his comprehensive grasp of the atmosphere 
as a geophysical system. Those of us who knew Rossby only in his later years 
will also appreciate ‘The young Carl-Gustaf Rossby’, by Tor Bergeron. 

The remaining sections are entitled: ‘The Sea in Motion’: ‘Distribution of 
Matter in the Sea and Atmosphere’; ‘The General Circulation of the Atmo- 
sphere’; ‘Characteristic Features of Atmospheric Motion’; and ‘Weather 
Forecasting’. It would be pointless to review individual contributions in detail. 
Articles of greatest interest will vary according to the background of the reader. 
The reviewer would like to call attention, however, to ‘Ein numerisches 
Experiment mit dem primitiven Gleichung’, by Von K. Hinkelman. This paper 
summarizes a substantial research effort, and holds considerable promise for 
the successful use of the primitive equations of motion in numerical research 
and forecasting. 


GEORGE S. BENTON 
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